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Abstract
This thesis deals with the problem of multizone wideband sound field
reproduction using an array of loudspeakers. A pressure matching
approach is researched to control the sound field within the zones
through the calculation of loudspeaker weights. The loudspeaker
weights are computed first using a regularized least-squares (LS) ap-
proach and then a least-absolute shrinkage and selection operator
(Lasso). It is demonstrated that the single-stage LS technique outper-
forms the single-stage Lasso in multizone wideband sound field repro-
duction, while the single-stage Lasso enables the judicious placement
of loudspeakers. To improve the multizone sound reproduction per-
formance of wideband sources using a limited number of loudspeakers,
it is assumed that the virtual sources are fixed in positions. A new
two-stage Lasso-LS pressure matching approach is then proposed to
optimize both the loudspeaker locations and weights. In the first
stage, a Lasso algorithm is used to select the loudspeakers’ positions
for all sources and frequency bands. A second stage then optimizes
reproduction using all selected loudspeakers on the basis of a regular-
ized LS algorithm. The results show that a horizontal array of limited
number of loudspeakers (e.g. 52) can be used to effectively create per-
sonal audio spaces for multiple users of variable heights. The proposed
method is then extended to a nested Lasso-LS method which employs
harmonic nested arrays in the first stage Lasso to reduce the com-
putational complexity. Effectively, the nested arrays provide a priori
knowledge of prospective loudspeaker locations based on the frequency
bands of interest. The final loudspeaker locations and weightings are
then estimated during the two-stage Lasso-LS optimization.
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Chapter 1
Introduction
1.1 Thesis Motivation
Control of a sound field within a given region of space using a multichannel
system has received increasing interest during the last two decades. There have
been various studies of sound field reproduction including the Ambisonics system
[1], [2], [3], [4], wavefield synthesis [5], [6], [7], [8] and pressure matching approach
[9] using optimization techniques such as Least squares [10], [11], [12] or Lasso
algorithm [13]. The pressure matching approach which is the main focus of this
thesis, is an acoustical inverse problem. In this method, for generation of a sound
field as close as possible to the desired field, the excitation signals which are fed
into the loudspeakers need to be determined. The optimization technique which
is suggested in [9] to compute the loudspeaker weights is the LS approach. In
the proposed method, the loudspeaker weights are calculated in the frequency
domain by the minimization of the sum of the mean square reproduction error at
microphone positions.
One application of multichannel sound control is to create a personal sound
space which does not suffer from sound interference from adjacent regions. Ex-
amples are the provision of private sound spaces during video conferencing and
in communal areas such as medical consulting rooms, museums, planes and cars.
All of these applications can have the location of virtual sources fixed such that
the choice of loudspeaker positions can then be based on the positioning and size
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of the listening zones rather than using a uniformly spaced array.
To generate a personal audio space, different techniques such as the active
control of sound [10] and beamforming [14] have been employed to control the
directivity pattern or to optimize the acoustic energy or pressure within the con-
trol zones. Using active control of sound, the loudspeaker weights are calculated
to maximize the acoustic energy contrast between bright and dark zones using
eigenvalue analysis [15], [16] or to match the pressure of desired and reproduced
soundfields using a regularized least squares (LS) approach [17]. Furthermore, su-
perdirective array control techniques [18] or optimal beamforming [19] have been
applied to loudspeaker arrays to deliver a sound beam directly to the listeners.
Most of the previous approaches deal with the single tone soundfield production
in multiple zones. For real world audio applications, however, it is necessary to
consider signals which include a range of frequencies rather than a single tone.
While the production of monochromatic soundfields in multiple zones is a
difficult task, the generation of multizone wideband soundfield using a practical
number of loudspeakers is significantly more challenging. Firstly, the number of
loudspeakers required for accurate sound generation increases with the size of
the reproduction area and frequency range [20]. In addition, delivering wideband
signals (e. g. speech signals) to listeners in multiple zones is a complicated sce-
nario which restricts limited loudspeaker system reproduction performance. This
is most critical when the zones are in line [17]. Finally, the multichannel con-
trol system characteristics such as loudspeakers locations for different frequency
bands is variable. In practical scenarios, however, using a large number of loud-
speakers are not desirable due to the limited available space on the sound devices
and high price of good quality loudspeakers and analysis channels. Hence, this
thesis targets reduction of loudspeaker count through improved optimization for
wideband sound reproduction systems.
Whereas the above mentioned techniques control the complex weights of loud-
speakers at fixed locations on a uniformly spaced array, the control of both the
loudspeaker locations and their complex weights is suggested in this thesis to
achieve a high performance multizone system using a minimum number of loud-
speakers. Use of a limited number of loudspeakers and selection of the LS-optimal
loudspeaker locations for maximum pressure matching at microphone positions is
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a non-convex problem which is in general NP-hard [21]. Using the least-absolute
shrinkage and selection operator (Lasso) [22], the problem can be converted to a
convex problem. It can then be solved with `1-penalization using a low-complexity
procedure such as the coordinate descent method [23]. Using a convex `1 norm,
Lasso produces zero-valued weights and thus generates a reduced set of loud-
speakers.
1.2 Thesis Outline
In Chapter 2, an overview of the fundamental acoustical concepts relevant to
the problems presented in later chapters are discussed briefly. The soundfield re-
production approaches such as Wavefield synthesis, Ambisonics and Least Square
methods are then reviewed. Moreover, the current multizone sound field genera-
tion techniques such as the maximization of acoustic energy contrast, LS pressure
matching and beamforming are studied. The pressure matching algorithm is then
proposed to be used in multizone wideband soundfield generation due to its sim-
plicity in formulation, flexibility to variable loudspeaker array geometries and
capability to employ different numerical optimization. The main drawback of
available approaches is then studied to be the large number of loudspeakers re-
quired. The main motivation of this work is then clarified to be reduction the
number of active loudspeakers through the selection of LS-optimal location of
loudspeakers.
In Chapter 3, a pressure matching approach is adopted for multizone sound
field reproduction. Firstly, the main assumption and the general framework of
the multizone acoustic problem is formulated, starting from the system geometry.
Secondly, a LS pressure matching approach is discussed to calculate loudspeaker
weights which minimizes the pressure error between the desired and reproduced
sound field at matching points. The performance of a multizone system is then
investigated in terms of the generation of monochromatic sound fields for different
reproduction angles and variable total loudspeaker weight powers. The approach
is then extended firstly to two multi-frequency sources and then to speech signals.
The application of the LS pressure matching approach to speech signals has been
already published in [24] with the evaluation of multizone system performance
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through the use of the PESQ measure of speech quality. The use of the single-
stage least-absolute shrinkage and selection operator (Lasso) [22] is then examined
to solve the pressure matching equation. The Lasso algorithm uses a convex `1
norm to select the LS-optimal loudspeaker locations for multizone sound field
reproduction. The performance of the single-stage LS and Lasso techniques using
a reduced set of loudspeakers are then compared first for single frequency and then
for wideband sound reproduction in multiple isolated zones. The mathematical
formulation and simulation results for multizone wideband sound generation using
single-stage LS and single-stage Lasso techniques is already published in [25].
Chapter 4 proposes a new two-stage Lasso-LS pressure matching optimiza-
tion for sound field generation of fixes wideband sources in a multichannel control
system. In the first stage of this algorithm, the least-absolute shrinkage and selec-
tion operator (Lasso) is used to select the loudspeakers’ positions for all sources
and frequency bands. A second stage then optimizes reproduction using all se-
lected loudspeakers on the basis of a regularized least-squares (LS) algorithm.
This technique which effectively reduces the number of active loudspeakers, has
not been reported before and thus this is regarded as one of the main contri-
butions of this thesis. The performance of the new, two-stage approach using
a limited number of loudspeakers is investigated for different reproduction an-
gles, frequency range and variable total loudspeaker weight powers within the
control zones. The performance of the proposed technique is also investigated
within the non-optimized areas at both the loudspeakers’ plane and at heights
between zero and one meter from loudspeakers’ plane. The two-stage Lasso-LS
algorithm, formulations and the simulation results are already published in [25]
and [26]. Finally, the proposed multizone sound system using Lasso-LS optimiza-
tion is evaluated in comparison to the single-stage LS for listeners of variable
heights. The loudspeaker locations which were selected in the horizontal plane
using Lasso-LS approach, are used to evaluate the multizone system performance
at heights between zero and one meter. The material of this section is already
published in [27].
Chapter 5 proposes a novel approach for multizone wideband sound field gen-
eration using linear harmonic nested arrays. The materials of this chapter have
not been published yet, but I would expect to produce a publication based on
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these materials in the near future. In this chapter, first, the sound reproduction
using linear arrays is discussed and the effects of array parameters on the output
response is investigated. Then, the problem of multizone soundfield reproduction
using linear arrays formulated with demonstration of multizone system geometry.
The two stage Lasso-LS algorithm proposed in Chapter 4 is then extended in
this chapter to a nested Lasso-LS algorithm to facilitate the loudspeaker location
search in the first stage Lasso. In this algorithm, harmonic nested arrays provide
a priori knowledge of prospective loudspeaker locations based on the frequency
bands of interest to reduce the computational complexity. This complexity is gen-
erally due to the selection of LS-optimal loudspeaker locations from a large set of
regularly-spaced candidates using the convex `1 norm in the Lasso algorithm. The
final loudspeaker locations and weightings are then estimated using the Lasso-
LS optimization. The performance of the new, nested Lasso-LS approach using
a limited number of loudspeakers is then investigated for different reproduction
angles, frequency range and variable total loudspeaker weight powers within the
control zones. The robustness of the proposed nested Lasso-LS technique in com-
parison to the single stage LS and Lasso-LS approaches is examined across a wide
frequency range.
Finally, Chapter 6 concludes the thesis with a discussion of the potential
future directions based on the findings of this thesis.
1.3 Contributions
The main contributions as a result of this thesis are:
1. Chapter 3: Developed an approach to generate multizone wideband sound
field using a regularized LS pressure matching approach and evaluated the
generated speech signals within the zones using PESQ measure of speech
quality [24].
2. Chapter 3: Formulated and evaluated a Lasso pressure matching approach
for generation of multizone wideband sound field. It is demonstrated that
the LS technique outperforms Lasso in wideband sound field reproduction
5
since Lasso does not employ all selected loudspeakers to reproduce all fre-
quencies and sources [25], [26].
3. Chapter 4: Proposed a new two-stage Lasso-LS pressure matching optimiza-
tion for sound field generation of fixes wideband sources in a multichannel
control system. This approach suggests for the first time to control both
the loudspeaker locations and their complex weights for maximum pressure
matching at microphone positions [25], [26].
4. Chapter 4: Performed a performance assessment to compare the proposed
two-stage Lasso-LS reproduction system with the LS approach. This analy-
sis demonstrated up to 37dB and 24dB improvement over a single-stage LS
optimization respectively at the loudspeakers’ plane and at heights between
zero and one meter from loudspeakers’ plane using e.g. 90 loudspeakers [25],
[27].
5. Chapter 5: Proposed a novel nested Lasso-LS approach for multizone wide-
band sound field generation using linear harmonic nested arrays in the first
stage Lasso to facilitate the loudspeaker location search. The nested arrays
reduce the computational complexity of two-stage Lasso-LS algorithm by
using reduced sets of candidate positions based on the frequency bands of
interest.
6. Chapter 5: Assessed the performance of the proposed nested Lasso-LS ap-
proach across the targeted frequency range (500Hz-16kHz). This analysis
illustrated that the proposed technique enables multizone wideband sound
generation with a MSE of under -35dB within the control zones.
7. Chapter 5: Proposed using linear arrays in nested Lasso-LS optimization to
provide a practical design for realistic soundfield installations. This design
facilitates the audio rendering system installation while effectively create
personal audio spaces for multiple users using a limited number of loud-
speakers (e.g. 52).
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Chapter 2
Multichannel Control of Sound
Field Reproduction
In this chapter, first the fundamental acoustical concepts that will be used in
the remaining chapters are discussed briefly and then a background history of
the derivation of more sophisticated acoustic techniques in multichannel audio
systems is provided. The main focus of this chapter is to provide an overview
of the various techniques which enable the control of spatial sound distribution
within one or multiple zones using variable loudspeaker array configurations. In
the following sections, first the fundamental equations of acoustics such as acous-
tic wave and Euler’s equation, point source, Green’s function, Helmholtz integral
equation, Rayleigh’s Integrals and simple source formulation are presented as the
basis for the sound field reproduction problem. Several approaches for encod-
ing and rendering sound fields are then discussed including Wavefield synthesis,
Ambisonics and Least Square Methods. Active control of sound through the
calculation of loudspeaker weights is then described in the context of different
scenarios based on the relative numbers of loudspeakers and microphones. Fi-
nally, different techniques for the multizone sound field generation are provided
such as the maximization of acoustic energy contrast, LS pressure matching, su-
perdirective array control techniques, beamforming and etc. while some major
references in the field are provided. The practical limitations of current available
techniques are then investigated which clarifies the motivations of the work in
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the following chapters.
2.1 Acoustics Fundamentals
2.1.1 The Wave Equation and Euler’s Equation
The linear homogeneous acoustic wave equation in the time domain explains the
propagation of sound waves in a source-free homogeneous fluid medium with no
viscosity. An infinitesimal variation of acoustic pressure, p(x, y, z, t), from its
equilibrium value satisfies the acoustic wave equation as [28]
∇2p− 1
c2
∂2p
∂t2
= 0 (2.1)
where c is the speed of sound in the medium (at 20◦C, c = 343m/s in air).
A time-harmonic factor of ejωt has been considered and for the simplicity of
notation, p is used instead of the function p(x, y, z, t). In the right hand side of
(2.1), zero means that there are no sources in the volume in which the equation
is valid. The Laplacian, ∇2, in Cartesian coordinates is defined as
∇2 ≡ ∂
2
∂x2
+
∂2
∂y2
+
∂2
∂z2
(2.2)
The frequency-domain version of the acoustic wave equation (2.1) serves for
the steady state analysis. This equation is called the Helmholtz equation and
calculated from
∇2P + k2P = 0 (2.3)
where the acoustic wavenumber is k = ω/c, and the angular frequency is given by
ω = 2pif . For simplicity of notation, P is used instead of the function P (x, y, z, ω).
The velocity vector of the fluid particles, v (which is bold face to represent
vector quantity) is then related to the sound pressure, p, in the time domain by
Euler’s equation according to [28]:
9
ρ0
∂v
∂t
= −∇p (2.4)
where ρ0 is the fluid density at equilibrium, and the velocity vector v is defined
as
v = vx̂i+ vy ĵ + vzk̂ (2.5)
where î, ĵ, k̂ are the unit vectors in the x, y and z directions, respectively and
the spatial gradient,∇, is defined in Cartesian coordinates as
∇ ≡ ∂
∂x
î+
∂
∂y
ĵ +
∂
∂z
k̂ (2.6)
The frequency-domain version of Euler’s equation which is commonly used for
steady-state analysis is obtained by applying the Fourier transform to (2.4) as
jωρ0V = ∇P (2.7)
2.1.2 Point Source and Green’s Function
An infinitesimally small source of energy that produces acoustic waves is called
a point source. A point source is defined as the solution of the inhomogeneous
Helmholtz equation in an unbounded medium [28]
∇2Φ + k2Φ = −δ(r− r′) (2.8)
where r and r′ denote respectively the observation point and the point source
location, and δ(r− r′) is the three dimensional Dirac delta function. The general
solution of (2.8) is given by
10
Φ = Φp + Φh (2.9)
where Φp is the particular solution and Φh is the homogeneous solution. The
particular solution is the free space Green’s function, Φp = h(r, r
′) which repre-
sents the spatial kernel of the wave equation. Setting the homogeneous solution
Φh to zero, the free space Green’s function is calculated from
Φ = Φp = h(r, r
′) =
ejk|r−r
′|
4pi|r− r′| (2.10)
In (2.9), Φh is any solution to the homogeneous Helmholtz equation (2.3).
The predefined boundary conditions could be satisfied by the addition of the
homogeneous solution Φh to the free space Green’s function.
2.1.3 Green’s Theorem
A three-dimensional volume C is assumed here which is bounded by a surface A.
A point is located inside this volume at the vector r. There are two unknown
functions Φ(r) and Υ(r) inside the volume C which are finite and continuous
along with their first and second partial derivatives. Given these conditions, the
Green’s theorem (Green’s second identity) is given by [29]∫∫∫
C
(Υ∇2Φ− Φ∇2Υ)dC =
∫∫
A
(Υ
∂Φ
∂n
− Φ∂Υ
∂n
)dA (2.11)
where Φ and Υ are the shorthand notations for the functions Φ(r) and Υ(r), and
the derivative with respect to the outward normal, ∂
∂n
, determines the rate of
change of the function in the direction perpendicular to the surface.
If two functions Φ and Υ with no singularities within or on the surface A,
satisfy the homogeneous Helmholtz equation (Equation (2.3)) on the surface and
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Figure 2.1: The shaded source-free volume C which is bounded by surface A
demonstrate the region for application of Green’s theorem for the derivation of
the Helmholtz integral equation. (a) interior domain where the sound sources are
outside of C, (b) exterior domain where C spreads to infinity and encloses the
sound sources.
in the volume, (2.11) could be written as [29]∫∫
A
(Υ
∂Φ
∂n
− Φ∂Υ
∂n
)dA = 0 (2.12)
This equation is the fundamental concept for the derivation of the Helmholtz
integral equation.
2.1.4 The Helmholtz Integral Equation
The Helmholtz integral equation (HIE) is the starting point in many fields of
acoustics and shows that the sound pressure within a source-free volume of space
may be calculated from the pressure and normal velocity on its surface. The
HIE, also referred to as the Kirchhoff-Helmholtz integral, is applicable to both
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interior and exterior problems. The interior problem illustrated in Figure 2.1(a)
relates to problems in which the acoustic field is confined inside of a finite source-
free volume C. On the other hand, the exterior problem demonstrated in Figure
2.1(b) is generally applicable to radiation and scattering problems. In the exterior
problem, a source-free volume C shown as the shaded area in Figure 2.1(b) is the
volume among three surfaces: the outer surface A∞ which is a sphere of radius
r∞ spread to infinity. The interior body surface, Ai, which encloses the sound
sources and has an arbitrarily shape. Finally, an infinitesimal sphere Ao which
surrounds an evaluation point. In the exterior domain, the Green’s theorem in
(2.12) is applied over the total surface A as
A = Ao + Ai + A∞ (2.13)
Using the inhomogeneous Helmholtz equation (Equation (2.8)) and Green’s
second identity (Equation (2.11)), both the interior and exterior HIEs are derived
as [29]
P (r′) =
∫∫
A
P (r)
∂
∂n
h(r, r′)− jρ0ωh(r, r′)Vn(r)dA (2.14)
where A is the boundary surface of the volume C, h(r, r′) is the Green’s function,
and Vn(r) is the particle velocity in the direction of boundary surface normal n
shown in Figure 2.1.
2.1.5 Rayleigh’s Integrals
It was demonstrated in Subsection 2.1.4 that the sound field within an arbitrary
volume of space is uniquely determined by the pressure and normal velocity on
the boundary surface. As a consequence, a sound field inside the same volume
can be reproduced if these pressure and normal velocity distributions are known.
The Rayleigh’s integrals [30], [29], [8] are special forms of the HIE (Equation
(2.14)) while only monopole or dipole secondary sources are employed. Figure
2.2 demonstrates the particular half-space source-free region for application of
Rayleigh’s Integrals. It is assumed that all sources are located in the half space
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Figure 2.2: The shaded half-space source-free volume C demonstrate the region
for application of Rayleigh’s Integrals.
(z < 0), while source free volume C covers the other half space (z > 0) in
which the HIE problem is applied. The integration surface A includes the plane
z = 0, and the surface enclosing the half space z > 0, which are called Ao and
A∞ respectively. It is assumed that the Green’s function, h(r, r′), satisfies the
Sommerfeld radiation condition according to
lim
‖r‖→∞
‖r‖
[
∂
∂‖r‖ − jk
]
h(r, r′) = 0 (2.15)
Applying the condition in (2.15), the integral over the surface A in (2.14) is
reduced to an integral over surface Ao.
P (r′) =
∫∫
Ao
P (r)
∂
∂n
h(r, r′)− jρ0ωh(r, r′)Vn(r)dAo (2.16)
The integral in (2.16) is turned to Rayleigh’s first integral if the Green’s function
h(r, r′) is chosen such that to remove the term P (r) ∂
∂n
h(r, r′) in (2.16). Let the
vector r′M = (x, y,−z) be the mirror image of r′ = (x, y, z). The Green’s function
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is then defined as
h(r, r′) =
ejk‖r−r
′‖
4pi‖r− r′‖ +
ejk‖r−r
′
M‖
4pi‖r− r′M‖
(2.17)
The Rayleigh’s first integral is calculated by substituting (2.17) in (2.16) as
P (r′) = −2
∫∫
Ao
jρ0ωh(r, r
′)Vn(r)dAo (2.18)
The integral in (2.16) is then turned to Rayleigh’s second integral if the
Green’s function h(r, r′) is chosen such that to remove the term jρ0ωh(r, r′)Vn(r)
in (2.16). This Green’s function has the form
h(r, r′) =
ejk‖r−r
′‖
4pi‖r− r′‖ −
ejk‖r−r
′
M‖
4pi‖r− r′M‖
(2.19)
The Rayleigh’s second integral is calculated by substituting (2.19) in (2.16)
as
P (r′) = 2
∫∫
Ao
P (r)
∂
∂n
h(r, r′)dAo
= 2
∫∫
Ao
P (r)
(
1 +
jk
‖r− r′‖
)
cos θ
ejk‖r−r
′‖
4pi‖r− r′‖dAo
(2.20)
where θ is the angle between the vector (r − r′) and the z axis, as shown in
Figure 2.2. Rayleigh’s first and second integrals are the fundamental concept in
some sound field reproduction approaches such as Wave Field Synthesis which
will be discussed in Section 2.2.
2.1.6 Simple Source Formulation
It was demonstrated in Subsection 2.1.5 that a different Green’s function such
as a Dirichlet Green’s function (which its value on the surface A is zero) or a
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Neumann Green’s function (whose normal derivative is zero) can be used in place
of the free space Green’s function to remove one of the two terms of Equation
(2.14). It was also discussed in [31], [32], [33] that the HIE could be simplified by
specification of either pressure or velocity on the boundary surface A to compute
the field within the volume V .
For sound reproduction applications, it is desirable with expressions that use
only monopole secondary sources since loudspeakers can realize monopole sources
reasonably well. The Neumann Green’s function method as discussed in Section
2.1.5 applies a modified Green’s function in order to remove the dipole contribu-
tions and requires no modification of the loudspeaker weights. Another method
for this aim is a simple source formulation which assumes a simple monopole
distribution [29], [34]. In this technique, the monopole excitation signals are
computed to generate the desired sound field. For an unknown source distri-
bution µ(r), the sound field for either the interior or exterior problems can be
determined as
p(r′) =
∫∫
A
µ(r)h(r, r′)dA (2.21)
where h(r, r′) is the free space Green’s function defined in (2.10) and the source
distribution, µ(r) is the difference in normal derivatives of the surface pressure
between the specified exterior and interior problems. Note that either an external
or an internal problem is of interest for the application of Equation (2.21), not
both. Equation (2.21) is usually used to compute the boundary sources µ(r) while
p(r′) is given [29]. The simple source formulation is the fundamental concept for
sound field reproduction in different techniques such as Ambisonics and Least
Square Method. This technique is used in the following chapters of this thesis
to generate sound field within one or multiple control zones using an array of
monopole loudspeakers.
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Figure 2.3: Single directivity loudspeaker array for practical implementation of
Wave Field Synthesis.
2.2 Sound Field Reproduction within a Control
Zone using an Array of Loudspeakers
2.2.1 Wave Field Synthesis
Wave Field Synthesis (WFS) is a well-known sound field reproduction technique
which was initially proposed by Berkhout [5] in the late 80’s. The theory of
WFS is derived from the Huygens’ Principle which was formulated in 1690 [35].
The idea behind this principle is that the wave, which propagates from a given
wave front, may be considered as emitted either by the original sound source
(the primary source) or by a secondary source distribution along the wave front.
Therefore, the primary source may be replaced by secondary source distribution
to generate the primary sound field. The WFS approach is also referred to as
”holophony” as it may be identified to the acoustical equivalent to holography
[32]. WFS was derived from first and second Rayleigh’s integrals which were
explained in Section 2.1.6.
The WFS concept is developed by applying some approximations to the
Kirchhoff-Helmholtz Integral [5], [6], [7], [8]. Firstly, the ideal array size is re-
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duced to a linear horizontal array to include only the most useful secondary
sources which are selected based on the primary source and the listener posi-
tions. Secondly, it is shown in the WFS technique that using both monopole and
dipole transducers is highly redundant and an array of monopole loudspeakers
can be practically used for sound field generation. Thus, in the WFS approach,
an array of uniformly-spaced loudspeakers is employed and the loudspeaker exci-
tation signals are derived from the normal derivative of the desired sound field at
loudspeaker locations. Figure 2.3 illustrates that a single directivity loudspeaker
array is substituted for a microphone array to reproduce the desired sound field
using WFS. Finally, the acoustic field recording using a microphone array is re-
placed with a close microphone recording followed by the signal calculation at
microphone positions using a virtual recording technique. Such virtual recording
allows windowing of the secondary source amplitudes [33] for a better recording.
A large number of publications on WFS focus on reproduction in the horizon-
tal plane [36], [37], [38], [39], [40], [41], [42], [43], [44] since the main sound local-
ization tasks faced in everyday life, usually occur within a small height difference
from the listeners’ ears [45]. However, the reduction of the array dimension to the
horizontal plane may result in impairments of perception of distance, depth and
spatial impression [46]. Therefore, three-dimensional reproduction using WFS
approach is also investigated in [47], and [48] for generation of real spherical
waves.
In both two-dimensional and three-dimensional cases, the WFS is considered
as the solution for reproduction over a large reproduction area [31]. Therefore
this technique is not an appropriate approach for generation of personal sound
spaces which are aiming to beam sound directly to listeners. In addition, WFS
does not provide any criteria to select the loudspeaker locations to maximize the
sound reproduction performance of a limited number of loudspeakers.
2.2.2 Ambisonics
Ambisonics is also a technique for encoding and rendering a sound field in a
specific listening area. M.A. Gerzon firstly introduced the Ambisonics systems in
[1] and then he developed its principles in multiple publications [49], [50], [51],
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[52], [53], [54], [55], [56], [57], [58] and [59]. The Ambisonics formulation is derived
on the basis of the mode matching approach, which suggests matching spherical
harmonics of desired and reproduced sound fields. The early Ambisonics systems
effectively generate the first order spherical harmonics components of a sound
field at a single point in space. However, their reproduction performance degrades
with increasing frequency and the size of reproduction area [4]. To generate sound
fields including higher frequencies over a larger sweet spot and increase the overall
quality of localization, the theory of Ambisonics systems was extended to Higher
Order Ambisonics (HOA) [2], [60], [61], [3]. HOA suffers from non-uniqueness of
solution and numerical problems due to ill-posedness of the driving function. The
non-uniqueness doesn’t allow to control the wave field within the listening area
at some distinct frequencies, while the ill-posedness implies numerical problems
for the calculation of the driving function [62]. Thus, in order to improve the
performance of HOA systems, different techniques have been recently applied to
the theory of HOA approach [63], [64],[65], [66], [67], [68], and [69].
Furthermore, there is some work focused on a comparing the HOA approach
with the WFS [31],[70], [62]. It has been shown that ambisonics is equivalent to
WFS when discarding the effects of spatial sampling [31], [32],[70]. It is discussed
in [31] that at higher frequencies while aliasing occurs, the WFS reproduction
performance is degraded uniformly over the entire listening area while for HOA,
the spatial aliasing artifacts become more significant for distances further from
the center of the system.
The Ambisonics formulation is derived from the wave equation in the spherical
coordinate system. Let a point be located in the spherical coordinate system at
r = (r, θ, φ). The pressure field can then be written as the Fourier-Bessel series
[31].
P (r) =
∞∑
m=0
jmjm(kr)
∑
0≤n≤m,σ=±1
BσmnY
σ
mn(θ, φ)
+
∞∑
m=0
jmh−m(kr)
∑
0≤n≤m,σ=±1
AσmnY
σ
mn(θ, φ)
(2.22)
where k = 2pif/c is wave number, Y σmn(θ, φ) are directional functions called
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Figure 2.4: Shaded free field volume of space between two spheres of radii Ri and
Ro in which spherical harmonic representation applies.
”spherical harmonics” and Bσmn and A
σ
mn are weighting coefficients [31]. jm(kr)
and h−m(kr) = jm(kr) − jnm(kr) are respectively the spherical Bessel functions
and the divergent spherical Hankel functions. The first and second terms in (2.22)
respectively refer to the sound field of the outside and inside sources which are
shown in Figure 2.4. The outgoing field expressed by coefficients Aσmn is generally
considered to be zero and thus the coefficients Bσmn are called as Ambisonics
coefficients. In equation (2.22), the summation in n is typically truncated to a
finite value N . It is discussed in [34] that the truncation error for low frequencies
or small distances from the origin is small due to the large contribution of the low-
order spherical Bessel functions. The spherical harmonic functions, Y σmn(θ, φ), in
(2.22) form a set of mutually orthogonal functions and defined as the following:
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Y σmn(θ, φ) =
√
2m+ 1
√
(2− δ0,n)(m− n)!
(m+ n)!
Pmn(sinφ)
×
{
cosnθ ifσ = +1
sinnθ ifσ = −1
(2.23)
with the Pmn(η) being the associated Legendre functions of degree m and
order n and the Kronecker delta symbol δab defined as
δab =
{
1 ifa = b
0 ifa 6= b (2.24)
The Ambisonics systems, however, can only be used for calculation of the loud-
speaker excitation signals for particular geometries such as circular or spherical
arrays. The computation of the loudspeaker weights for other geometries might
become complicated due to the special functions involved. In addition, the num-
ber of loudspeakers required in this technique increases with frequency and the
size of reproduction area. Finally, the Ambisonics approach, similarly to WFS,
does not provide any criteria to select the loudspeaker locations to maximize the
sound reproduction performance of a limited number of loudspeakers.
2.2.3 Least Square Method
A recent approach to sound field reproduction is the active control of sound [10]
in which the loudspeaker excitation signals are calculated as the solutions of an
inverse problem. Using such a technique, the loudspeaker weights are computed
from the minimization of the reproduction error between the primary source signal
and the loudspeaker signals at microphone positions using numerical techniques
[11], [9], [12], [34]. The least squares approach is a traditional numerical technique
to solve the problem at hand. Considering the acoustic and electro-acoustic parts
of the control system to be linear, the control of each discrete frequency, fq, is
independent. Figure 2.5 summarizes the LS approach for the calculation of the
21
Loudspeaker 
Weights 
Loudspeaker/
Microphone 
Transfer 
Functions 
Primary Source/ 
Microphone 
Transfer 
Functions 
Rendered Sound Field 
at Microphones 
Error Signals 
Original Sound Field 
at Microphones 
Figure 2.5: The block diagram for the LS formulation of the multichannel active
control system.
loudspeaker weights in a multichannel active control system.
To formulate the multichannel control system, the number of loudspeakers and
microphones are considered to be L and M respectively. The desired signal , Dm,
is generated by the primary source at the microphone position m, (m = 1, ...,M),
whereas, the signal, D′m is reproduced by the summation of all loudspeaker signals
at microphone position m. The error vector, E generated for every discrete
frequency, fq, at microphone positions is then given by

E1
...
EM
 =

D1
...
DM
−

h1,1(q) · · · h1,L(q)
... hm,`(q)
...
hM,1(q) · · · hM,L(q)


W1
...
WL
 (2.25)
The matrix form of equation (2.25) is
E = D−D′ = D−HW (2.26)
where D and D′ are the M by 1 vectors of the desired and reproduced signals
22
at the microphone positions respectively, H is the M by L matrix of transfer func-
tions, hm,`(q),m = 1, ..,M, ` = 1, ..., L, between the loudspeakers and microphone
elements and W is the L by 1 vector of loudspeaker weights, W`, ` = 1, · · · , L, .
Using the least squares approach, the loudspeaker weights are then computed
by minimizing a cost function, J , given by
J =
M∑
m=1
|Em|2 = EHE (2.27)
To calculate an optimal set of complex loudspeaker weights which minimizes
J , three different scenarios are considered based on the relative numbers of loud-
speakers and microphones. Firstly, a scenario is considered where the number of
loudspeakers is smaller than the number of microphones L < M . This case which
is the most important in practice is mathematically known as the overdetermined
case. For such a multichannel control system, the optimal set of the loudspeaker
weights is computed from
W = (HHH)−1HHD (2.28)
where (.)H is the conjugate transpose. When the number of loudspeakers and
microphones are equal, M = L, the system is mathematically a fully determined
case. Although the problem in this case is easier to solve, it is less useful in
practice. For a non-singular matrix H, the loudspeaker weights which drive the
vector of error signals, E to zero are calculated for this case from
W = H−1D (2.29)
Finally, when the number of loudspeakers is larger than the number of mi-
crophones, L > M , the problem is called as underdetermined case and solved
from
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W = HH(HHH)−1D (2.30)
Since the LS approach involves matrix inversion, the solution is sensitive to
the conditioning of the propagation matrix. To obtain stable solutions, the regu-
larization techniques are generally used to reduce the undesirable ill-conditioning
of the inverse matrix [71], [72], [73], [74], [75]. Applying a classical regularization
approach called zeroth-order regularization, a unique solution W is derived for
any choice of H and D [76], [77], [78]. This is calculated by minimizing a cost
function of the type
J = EHE + δWHW (2.31)
where δ is a positive real number termed as regularization parameter. Ad-
justing the value of penalty parameter δ between zero and infinity changes the
solution from a LS error solution to minimization of the total loudspeaker weight
power only. Therefore, the value of δ should be selected in order to minimize
the error while sufficiently controlling the total loudspeaker weight power. Selec-
tion of the penalty parameter value to provide a good compromise between the
error and the total loudspeaker weight power using a zeroth-order regularization
technique is investigated in [12] and [63]. Using regularization, the optimal set
of loudspeakers is calculated by the addition of a δI term to the inverse matrix.
For instance, the solution of the overdetermined control system is derived from
W =
[
HHH + δI
]−1
HHD (2.32)
The addition of the term δI to the matrix HHH, effectively increases the
eigenvalues of HHH by exactly the same amount, δ [79] which leads to a non-
singular propagation matrix.
In this thesis, first the regularized LS approach is employed to maximize
the pressure matching between reproduced and desired field. The loudspeaker
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weights, therefore, are calculated to minimize the LS reproduction error. The
pressure matching approach is selected in this thesis due to its simplicity in for-
mulation, flexibility to variable loudspeaker array geometries and capability to
employ different numerical optimization. To control the reproduced sound field
using the LS pressure matching approach, a large number of loudspeakers is re-
quired (examples for the required number of loudspeakers are provided in Section
3.7). Furthermore, a large number of analysis channels is also required. This
complication is generally due to the classical sampling limitations formulated by
the Shannon theorem. Based on Shannon representation, the distance between
the loudspeakers should not be larger than half a wave length. To fulfill this
condition, especially at high frequencies, a prohibitive number of loudspeakers is
required in a regularly-spaced array. However, signals may also be represented
with a limited set of samples using novel sampling techniques such as the compres-
sive sampling [80], [81], [82], [83], [84]. Compressive sampling is a non-uniform
sampling paradigm which does not require to select samples uniformly at or above
the Nyquist rate. In this technique, sampling is based on the sparse expansion of
signals and thus the samples with small amplitudes are discarded without a sig-
nificant perceptual loss. The compressive sampling approach is the basis concept
in Lasso [22] algorithm which is proposed in Section 3.8 to select the LS-optimal
location of loudspeakers for soundfield reproduction in a multichannel system.
2.3 Multizone Sound Field Reproduction using
Arrays of Loudspeakers
To generate a personal sound space which does not suffer from the sound interfer-
ence of the adjacent zones, Druyvesteyn and Garas [85] employed three different
techniques for different frequency bands. They used active sound control, beam-
forming and natural directivity of loudspeakers respectively for low, mid and high
frequencies. The active control of sound [10] and conventional beamforming [14]
can be considered within the same framework if the problem is suitably formu-
lated [86]. In such approaches, the loudspeaker weights are calculated to control
the array directivity pattern or to optimize the acoustic energy within the con-
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Figure 2.6: The diagram for the maximization of acoustic energy contrast between
two volumes C1 and C2.
trol zones. Some of the previous research methods involved the maximization of
acoustic energy contrast [15], [16], [87], or acoustic energy difference [88] between
the bright and dark zones. In such techniques, a cost function is optimized in an
eigenvector and eigenvalue problem to calculate the optimal loudspeaker weights.
Figure 2.6 illustrates the task scenario for the maximization of acoustic energy
contrast between two volumes C1 and C2. In this control system, an array of
loudspeakers is employed to generate the sound field within the volume C1 and
to suppress it effectively within the volume C2. Assuming a time dependency
ejωt, the pressure at position rm,m = 1, ...,M in the first region is defined as
p(rm). The loudspeaker volume velocity (denoted as loudspeaker weight) at po-
sition r`, ` = 1, ..., L is represented by W (r`). A matrix of transfer functions H
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can relate the pressure vector P to the loudspeaker weight vector W for every
discrete frequency, fq, according to:
P=HW (2.33)
which is the matrix form of

p(r1)
...
p(rM)
 =

h1,1(q) · · · h1,L(q)
... hm,`(q)
...
hM,1(q) · · · hM,L(q)


W (r1)
...
W (rL)
 (2.34)
In the acoustic contrast maximization technique, the cost function to be max-
imized is given by [15]
J =
e1
e1 + e2
=
WHR1W
WH(R1 + R2)W
(2.35)
where e1 = W
HR1W and e2 = W
HR2W are the acoustic energy densities
within zone 1 and zone 2 respectively, R1 =
1
M
∑M
k=1 H
H
k Hk is the spatially
averaged correlation matrix of transfer functions for the first zone, Hk is the kth
row of the matrix H and (.)H denotes the complex conjugate transpose.
The loudspeaker weight vector W which maximizes the cost function, J , may
be estimated by the partial derivative of (2.35) with respect to W, and rewrite
the equation as a generalized eigenvector and eigenvalue problem [15]
JW = (R1 + R2)
−1R1W (2.36)
In (2.36), the optimum eigenvector W which maximizes the cost function J ,
corresponds to the largest eigenvalue.
Furthermore, superdirective array control techniques [18], [89], [90] or optimal
beamforming [19], [91] has been applied to loudspeaker arrays to provide a direc-
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tive audio system. In [91] a broadband beamforming technique was employed for
focusing the sound to the listener using a linear loudspeaker array and a robust
solution to manufacturing tolerances was provided. A variety of other techniques
have been also investigated for sound beam focusing in the geometric far field of
the loudspeaker array, such as parametric arrays [92], gradient-type loudspeakers
[93] and phase-shift loudspeakers [94]. Directional sound delivery systems in the
near field geometry of loudspeaker arrays are discussed in [95], and [96]. There
are also some other recent publications available which contribute to multizone
soundfield reproduction [97], [98], [99], [100], [101], [102], [103], [104], [105].
The practical implementation of a personal audio system formulated in (2.35)
is investigated in [15] to provide personal sound fields for viewers using a line array
attached to a 17 in. monitor display and in [86] to generate acoustic isolation
in adjacent seats in an aircraft. The employment of this technique in controlling
sound radiation from mobile devices is also investigated in [106], [107], [108] and
[109] and its robustness to the environmental acoustic variation is discussed in
[87]. A similar scenario is investigated in [110] to analyse the effect of scattering
around the head of a listener in the geometric nearfield zone. In addition, active
control of the acoustic environment in an automobile cabin is investigated in
[111], and [112].
Finally, the pressure matching approach is the fundamental technique em-
ployed in the following chapters of this thesis for multizone sound field repro-
duction. The pressure matching approach was firstly introduced by Mark Poletti
[17] using a regularized least squares loudspeaker weights estimation. The loud-
speaker weights are estimated in order to maximize the pressure matching be-
tween the desired and reproduced soundfields. The following chapter starts with
a brief discussion on this technique following by its performance assessment on
monochromatic and narrowband sound reproduction in a multizone system. More
examples for multiple conversation reproduction in a multi user environment will
be also provided in Section 3.7.
For the most of the applications discussed in this chapter, sound field control
using a limited number of loudspeakers is desirable. In the current available tech-
niques, a regularly spaced loudspeaker array is employed; however, the number
of loudspeakers required for accurate sound field generation in a regularly-spaced
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array increases with the size of the reproduction area and frequency range [20].
Furthermore, when the zones are in line [17], delivering wideband signals (e. g.
speech signals) to listeners in multiple zones requires a larger numbers of loud-
speakers. Although, this problem is investigated in a number of previous works,
no convincing solutions are provided for reducing the number of loudspeakers
in multizone control systems. The mentioned limitations of the current tech-
niques are the main motivation to develop algorithms in the following chapters of
this thesis for selection of the LS-optimal location of loudspeakers in a wideband
multizone sound system.
2.4 Summary
This chapter first gave an overview on some acoustical fundamentals and mul-
tichannel sound rendering techniques such as Wave field synthesis, Ambisonics
and Least Square Methods. The multizone soundfield generation were then in-
troduced and some well-known techniques of personal sound field generation such
as acoustic contrast control, beamforming and pressure matching approach were
briefly discussed. Also, the previous research works focused on implementation
of a personal audio system were studied and their major practical limitations
were explored. The pressure matching algorithm was then proposed to be used
in multizone wideband soundfield generation due to its simplicity in formulation,
flexibility to variable loudspeaker array geometries and capability to employ dif-
ferent numerical optimization. The regularized LS approach was then discussed
as a traditional optimization approach for maximizing the pressure matching be-
tween reproduced and desired field. It was investigated that the LS approach
requires a large number of loudspeakers over a uniformely-spaced array as it does
not provide any criteria for locating the loudspeakers. It was also discussed that
in practical scenarios, due to the limited available space on the sound devices
and high price of good quality loudspeakers and analysis channels using a large
number of loudspeakers is not possible. Therefore, this work focuses on the re-
duction of the number of loudspeakers required in multizone wideband sound
systems. In the following chapters, novel algorithms are proposed for selection of
LS-optimal location of loudspeakers and performance improvement of personal
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sound systems.
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Chapter 3
Multizone Sound Field
Generation using Single-stage
Optimization
In this chapter the problem of sound field reproduction in multiple, isolated zones
is investigated. While higher order ambisonics approaches [31] can be used to gen-
erate multiple zone soundfields, this chapter adopts a pressure matching approach
which provides a more flexible formulation [17]. Firstly, the main assumption and
the general framework of the problem are formulated, starting from the multizone
system geometry. Secondly, a pressure matching approach is discussed to calcu-
late loudspeaker weights which minimize the pressure error at matching points.
Consequently, the single-stage regularized least squares (LS) optimization is used
as a tool for solving the pressure matching equation [9]. The performance of a mul-
tizone system is investigated in terms of the generation of monochromatic sound
fields for different reproduction angles and variable total loudspeaker weight pow-
ers. The approach is then extended firstly to two multi-frequency sources and
then to speech signals. The evaluation of multizone system performance using
speech signals is important due to the spectrum dependency characteristic of the
wideband signals. The effects of varying source positions relative to the active
zones in terms of the reproduction of isolated sound fields are quantified through
the use of the PESQ [113] measure of speech quality. The use of the single-stage
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least-absolute shrinkage and selection operator (Lasso) [22] is then examined to
solve the pressure matching equation. The Lasso algorithm uses a convex `1 norm
to select the LS-optimal loudspeaker locations for multizone sound field repro-
duction. The performance of the single-stage LS and Lasso techniques using a
reduced set of loudspeakers are then compared first for single frequency and then
for wideband sound reproduction in multiple isolated zones.
3.1 Multizone System Geometry using a Circu-
lar Array of Loudspeakers
To investigate the performance of a circular multizone system, it is assumed
here that the sound field propagates under free field conditions, virtual sources
and loudspeakers are considered to be point sources, and that all zones, virtual
sources and loudspeakers are located in the same plane. In the following anal-
ysis the initial aim is to generate S isolated sound fields (s = 1, ..., S) with one
sinusoidal components in N zones (fixed in position) within the loudspeaker ar-
ray with the radius and angle of the sth source being rs and θs. The task is
to generate a desired field for every source in one corresponding active zone and
to suppress it effectively in the other N − 1 zones (silent zones) using a circular
array of L, ` = 1, ..., L loudspeakers. This corresponds to the example application
scenarios described previously. Figure 3.1 illustrates the task scenario with the
reproduction zones located at radius Rz from the origin and the nth zone’s angle
given by ψzn . All zones are located within a circle of radius Rc surrounded by
an array of L loudspeakers placed on a circle of radius r`. To avoid aliasing in
sound reproduction, the loudspeaker spacing is required to be less than half a
wavelength, hence the number of loudspeakers, L, required to fulfil the condition
in a uniformly-spaced circular array increases with frequency and the size of re-
production area [20]. For a two-dimensional sound field to be reproduced over a
radius Rc (where Rc is less than the radius of the loudspeaker circle), the required
number of loudspeakers for accurate sound reproduction with a maximum of 4%
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Figure 3.1: Diagram of reproduction of isolated sound fields in a multizone system
using a circular array of loudspeakers.
error is [20]:
L ≥ 2kR + 1 (3.1)
where k denotes the wave number. Each zone is of radius rz with a covering
of M matching points distributed uniformly over a Euclidean grid. To avoid
spatial aliasing, the number of matching points, M , in each zone was determined
by requiring a spacing between matching points less than half a wavelength,
∆x < λ/2 . At lower frequencies, in addition to the wavelength-related criterion,
a minimum number of 20 matching points was used in each zone [17]. At higher
frequencies, the matching points are spaced at ∆x = λ/2.5 and thus the number
of matching points are calculated based on such spacing.
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3.2 Pressure Matching Approach
For each source frequency, fq, a pressure matching approach is performed to con-
trol the complex sound pressure at the MN matching points within the zones.
While the pressure amplitude is directly controlled within the N zones, the pres-
sure outside of the control zones is limited by control of the total loudspeaker
weight power. Assuming a time dependency ejωt, the pressure ps,q(rm, φm) pro-
duced by the loudspeakers at a given matching point m is given by [17]:
ps,q(rm, φm) =
L∑
`=1
Ws,q(`)hq(m, `) (3.2)
where Ws,q(`) is the `th loudspeaker weight for the reproduction of the sth source
at frequency fq and hq(m, `) is the Green’s function which relates the pressure
amplitude of the `th loudspeaker and the pressure at the matching point m
according to:
hq(m, `) =
e−jkq |~r`− ~rm|
|~r` − ~rm| (3.3)
where |~r` − ~rm| =
√
(x` − xm)2 + (y` − ym)2, kq = 2pifq/c is the acoustic wave
number and c the speed of sound propagation in air. ~r` = (r`, ϕ`) and ~rm =
(rm, φm) are respectively the vector positions of the loudspeakers and matching
points in polar coordinates. The desired sound field Ds,q(rm, φm) of a virtual
source s located at ~rs = (rs, θs) to be reproduced e.g. in the first zone [17] is then
given by:
Ds,q(rm, φm) =
{
hq(m, s),m = 1, 2, ...,M
α.hq(m, s),m = M + 1, ..., NM
(3.4)
where hq(m, s) relates the pressure amplitude of the sth source and the pres-
sure at the matching point m, the first zone is covered by the first M matching
points and α is the sound field attenuation in inactive zones. For the silent zone,
the target sound field attenuation of 60dB is chosen relative to the active zone
as the minimum audible pressure (MAP) based on the audiometric surveys is
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approximately -60dB [114].
The loudspeaker weights Ws,q(`) can be estimated by equating the reproduced
sound field given by (3.2) at the matching points with the desired field given by
(3.4) according to:
Ds,q = HqWs,q (3.5)
where Ws,q is the L by 1 vector of loudspeaker weights Ws,q(`), Ds,q is the MN
by 1 vector of desired sound pressures at the matching points and Hq is the MN
by L matrix of the 2-D Green’s function given by:
Hq =

hq(1, 1) · · · hq(1, L)
... hq(m, `)
...
hq(MN, 1) · · · hq(MN,L)
 (3.6)
The following sections examine the use of the LS and Lasso methods to solve
(3.5).
3.3 Single-stage LS Weight Estimation for Mul-
tizone Sound Field Generation
The regularized LS approach is a robust solution to multizone sound generation
from all directions on the plane normally using a uniformly spaced array of L
loudspeakers. In this method, for the generation of a frequency, fq, of source s
the loudspeaker weights, Ws,q are determined by minimizing the squared error
between the desired and reproduced field with a power constraint, such that:
Wˆs,q := arg min
Ws,q
[‖HqWs,q −Ds,q‖22 + δ1‖Ws,q‖22] (3.7)
where ‖.‖2 is the `2-norm, δ1 is the LS penalty parameter and ‖Ws,q‖22 is the total
loudspeaker weight power. Adjusting the penalty parameter δ1 between zero and
infinity changes the solution from a LS error solution to minimization of the total
loudspeaker weight power only. Therefore, the value of δ1 should be selected in
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order to minimize the error while sufficiently controlling the total loudspeaker
weight power. To attain a good compromise between the error and the total
loudspeaker weight power, the use of a normalized penalty parameter, δ1, equal
to 1/1000 is suggested in [63]. This is equivalent to setting
δ1 =
‖Hq‖22
1000
(3.8)
with the norm of Hq equal to the largest singular value [115].
The solution of (3.7) is given by (3.9) when the matrix Hq is tall, i.e. for
MN > L:
Wˆs,q =
[
HHq Hq + δ1I
]−1
HHq Ds,q (3.9)
where (.)H is the conjugate transpose and I is the L by L identity matrix.
3.4 Reproduction Error
In order to compare the error performance of different algorithms, a reproduc-
tion MSE, E
(zone)
s,q , generated by every source s at frequency fq in each zone is
calculated as:
E(zone)s,q =
1
A
∫∫
A
|Ds,q(r, φ)− ps,q(r, φ)|2 dA (3.10)
where A is the area of each zone and Ds,q(r, φ) and ps,q(r, φ), 0 ≤ r ≤ Rc,
0 ≤ φ ≤ 2pi are respectively the desired and reproduced sound fields in the area
A for the sth source at frequency fq.
For evaluation of the error performance within the non-optimized area (NOA),
A′ (which is the area outside of the zones and confined by the circle of radius
Rc), an ideal sound field attenuation of 60dB (α = 0.001) is assumed (equal to
the inactive zones attenuation). Thus, the MSE E
(NOA)
s,q , in the NOA area can be
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calculated as:
E(NOA)s,q =
1
A′
∫∫
A′
|α.D′s,q(r, φ)− p′s,q(r, φ)|2 dA′ (3.11)
where D′s,q(r, φ) and p
′
s,q(r, φ), 0 ≤ r ≤ Rc, 0 ≤ φ ≤ 2pi are respectively the sound
field produced by the virtual source s and by the loudspeakers with weights
Ws,q(`) at frequency fq in the NOA area.
The total mean squared error, Eq of S sources at frequency fq within the
considered area is then calculated as:
Eq =
S∑
s=1
Es,q (3.12)
In the following section, the performance of a multizone system is investigated in
terms of the generation of monochromatic sound fields for different reproduction
angles and variable total loudspeaker weight powers.
3.5 Monochromatic Multizone Sound Field Re-
production using Single-stage LS
Throughout this section, a uniformly-spaced array including L = 300 loudspeak-
ers is used and hence according to equation (3.1), the array is able to produce ac-
curate sound fields using single-stage LS approach for frequencies up to f = 4kHz
in a circular area of radius Rc = 2m. All zones have fixed locations at Rz = 1.5m
from the origin and zones are distributed uniformly around the circular repro-
duction area. In the case of a N = 3 zones system, the zone angles are ψz1 = 0
◦,
ψz2 = 120
◦ and ψz3 = 240
◦. The loudspeaker and source radii are considered to
be rs = r` = 4m and the number of matching points used in each zone of radius
rz = 0.3m is M = 51 for f ≤ 700Hz and M = 141 for f > 700Hz. In this section,
the analysis only considers the pressure generated by a single source with one
sinusoidal component. The approach is then extended in the following section for
multiple multi-frequency sources.
Figure 3.2 illustrates the sound field (Figure 3.2(a)) and the computed loud-
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Figure 3.2: (a) Sound field visualization and (b) the computed loudspeaker
weights at f = 600Hz using single-stage LS. The source is located at θ = 0◦.
The number of zones and loudspeakers are respectively N = 3 and L = 300.
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Figure 3.3: (a) Sound field visualization and (b) the computed loudspeaker
weights at f = 2.4kHz using single-stage LS. The source is located at θ = 0◦.
The number of zones and loudspeakers are respectively N = 3 and L = 300.
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Figure 3.4: (a) Sound field visualization and (b) the computed loudspeaker
weights at f = 600Hz using single-stage LS. The source is located at θ = 19.2◦.
The number of zones and loudspeakers are respectively N = 3 and L = 300.
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Figure 3.5: (a) Sound field visualization and (b) the computed loudspeaker
weights at f = 2.4kHz using single-stage LS. The source is located at θ = 19.2◦.
The number of zones and loudspeakers are respectively N = 3 and L = 300.
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Figure 3.6: (a) Sound field visualization and (b) the computed loudspeaker
weights at f = 2.4kHz using single-stage LS. The source is located at θ = 0◦.
The number of zones and loudspeakers are respectively N = 6 and L = 300.
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Figure 3.7: Zone errors for different angles of source at f = 600Hz using single-
stage LS. The number of zones and loudspeakers are respectively N = 3 and
L = 300.
speaker weights (Figure 3.2(b)) of a multizone system with N = 3 zones for a
source angle of θ = 0◦ at f = 600Hz. Zone 1 is considered as the target zone
and zone2 and 3 as silent zones. The sound field MSE in zones 1 to 3 is -41dB,
-49dB and -49dB respectively. The loudspeaker weights are significantly more
active around the source angle, as expected. Figure 3.3 illustrates the sound field
(Figure 3.3(a)) and the computed loudspeaker weights (Figure 3.3(b)) of a mul-
tizone system with N = 3 zones for a source angle of θ = 0◦ at f = 2.4kHz. The
sound field MSE in zones 1 to 3 is -41dB, -50dB and -50dB respectively. As can
be seen, for the source angle of θ = 0◦ at a low frequency, f = 600Hz in Figure
3.2(b) loudspeaker weights have significant values over a wider range of angles
as compared to a higher frequency f = 2.4kHz in Figure 3.3(b). However, the
loudspeaker weights amplitude calculated for the sound field generation of the
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Figure 3.8: Total loudspeaker weight power for different angles of source at
f = 600Hz using single-stage LS. The number of zones and loudspeakers are
respectively N = 3 and L = 300.
higher frequency f = 2.4kHz are larger than the loudspeaker weights computed
for the low frequency, f = 600Hz.
Figure 3.4 illustrates the sound field (Figure 3.4(a)) and the computed loud-
speaker weights (Figure 3.4(b)) of a multizone system with N = 3 zones for a
source angle of θ = 19.2◦ at f = 600Hz. The MSE of sound field reproduction
in zones 1 to 3 is -38dB, -51dB and -40dB respectively. At θ = 19.2◦, zone3 is
occluded by zone 1 and this is thus the worst angle in terms of the sound field
quality generated for source 1 in zone1 (and lack of silence in zone 3). Generally,
there are two worst case scenarios: the case where the active zone lies directly
between the source and the silent zone, and the case where the silent zone lies
directly between the active zone and the source. For the N=3 zones system, the
first worst case scenario happens when the source is located at θ = 19.2◦ and the
second worst case scenario happens for the source angle θ = 139.2◦.
44
3. Multizone Sound Field Generation using Single-stage Optimization
Source angle(Degrees) 
M
S
E
(d
B
) 
0 50 100 150 200 250 300 350
-65
-60
-55
-50
-45
-40
-35
-30
-25
-20
-15
1
32
Figure 3.9: Zone errors for different angles of source at f = 2.4kHz using single-
stage LS. The number of zones and loudspeakers are respectively N = 3 and
L = 300.
Figure 3.5 illustrates the sound field (Figure 3.5(a)) and the computed loud-
speaker weights (Figure 3.5(b)) of a multizone system with N = 3 zones for a
source angle of θ = 19.2◦ at f = 2.4kHz. The MSE of sound field reproduction
in zones 1 to 3 is -32dB, -52dB and -32dB respectively. The higher frequency
reproduction error for the angle of occlusion in Figure 3.5(a) is larger than the
lower frequency reproduction error for the same angle at frequency f = 600Hz in
Figure 3.4(a). This is due to the fact that the diffraction around the silent zones
in line with the active zone is more challenging at higher frequencies.
Figure 3.6 illustrates the sound field (Figure 3.6(a)) and the computed loud-
speaker weights (Figure 3.6(b)) of a multizone system with N = 6 zones for a
source angle of θ = 0◦ at f = 2.4kHz. Zone 1 is considered as the target zone
for source 1 and zone 2 to 6 as silent zones. For every multizone system of N
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Figure 3.10: Total loudspeaker weight power for different angles of source at
f = 2.4kHz using single-stage LS. The number of zones and loudspeakers are
respectively N = 3 and L = 300.
zones, there are 2(N − 1) occlusion case angles which produce peaks in the MSE
plot. For this multizone system with N = 6 zones there are ten occlusion case
scenarios. One of those occlusion scenarios is the case where a source located at
θ = 0◦ and zone 4 (silent zone) is occluded by zone 1 (active zone). For this case,
the sound field MSE in zones 1 to 6 is -31dB, -43dB, -40dB, -30dB, -40dB and
-43dB respectively.
Figures 3.7 and 3.8 respectively illustrate zone errors and total loudspeaker
weight power across source angles for a multizone system with N = 3 zones
at f = 600Hz. Figure 3.9 and 3.10 respectively illustrate zone errors and total
loudspeaker weight power across source angles for a multizone system with N = 3
zones at f = 2.4kHz. Figures 3.7 and 3.9 demonstrate that for angles of occlusion,
the MSE is up to 43dB higher than non-occluded cases e.g. in silent zones of
Figure 3.9. Figures 3.8 and 3.10 demonstrate that the total loudspeaker weight
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Figure 3.11: Zone errors for different angles of source at f = 2.4kHz using single-
stage LS. The number of zones and loudspeakers are respectively N = 6 and
L = 300.
power used for sound field generation of occluded cases is up to 6 times larger
than for the non-occluded cases. Figures 3.11 and 3.12 respectively illustrate zone
errors and total loudspeaker weight power across source angles for a multizone
system with N = 6 zones at f = 2.4kHz. The total MSE within the N = 6 zones
in Figure 3.11 is up to 11dB larger than the MSE within the N = 3 zones in
Figure 3.9 at frequency f = 2.4kHz as the multizone system with larger number
of zones generates more error peaks and thus increase the total MSE.
The simulation results of this section showed that the monochromatic mul-
tizone system performance is constrained whenever the active and silent zones
are in line (the active zone is shadowed by the silent zone or the silent zone is
occluded by the active zone). At low frequencies (f ≤ 700Hz),the occlusion gen-
erates a mild increase in error while at higher frequencies, the occlusion generates
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Figure 3.12: Total loudspeaker weight power for different angles of source at
f = 2.4kHz using single-stage LS.The number of zones and loudspeakers are
respectively N = 6 and L = 300.
a sharp peak in reproduction error. In addition, it is shown that the number of
reproduction error peaks and thus the mean reproduction error increases with the
number of zones. The following section investigates the performance of multizone
system in the generation of multiple narrowband sound fields simultaneously.
3.6 Narrowband Multizone Sound Field Repro-
duction using Single-stage LS
While the base approach computes loudspeaker weights for the placement of
a single monochromatic source in the sound field, it is possible to extend this
approach to multiple multi-frequency sources using linearity. When there are S
sources containing Q sinusoidal components, the complex loudspeaker weights
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Figure 3.13: (a) Sound field visualization and (b) the rms of the loudspeaker
weights across frequency using single-stage LS. Source 1 comprises two sinusoidal
components of f1,1 = 4kHz and f1,2 = 700Hz and is located at θ1 = 0
◦. Source
2 comprises two sinusoidal components of f2,1 = 2kHz and f2,2 = 300Hz and
is located at θ2 = 30
◦. The number of zones and loudspeakers are respectively
N = 3 and L = 300. Zone 1 is the target zone for source 1 and zone 2 is the
target zone for source 2.
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Figure 3.14: (a) Sound field visualization and (b) the rms of the loudspeaker
weights across frequency using single-stage LS. Source 1 comprises two sinusoidal
components of f1,1 = 3kHz and f1,2 = 800Hz and is located at θ1 = 340.8
◦. Source
2 comprises two sinusoidal components of f2,1 = 2.5kHz and f2,2 = 500Hz and
is located at θ2 = 120
◦. The number of zones and loudspeakers are respectively
N = 3 and L = 300. Zone 1 is the target zone for source 1 and zone 2 is the
target zone for source 2.
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for every source frequency components can be calculated separately as explained
in Section 3.2. Assuming a time dependency ejωt , the pressure generated at
frequency, fq by all sources at matching point, m, is then:
pq(rm, φm) =
S∑
s=1
L∑
`=1
Ws,q(`)hq(m, `) (3.13)
For the purpose of simulations, the narrowband source signals considered here in-
clude two frequency components. These signals comprise a lower and a higher fre-
quency for clear demonstration of both components characteristics in a multizone
surround system. In this section, the same configuration of multizone surround
system used in Section 3.5 was employed. Figure 3.13 illustrates a sound field
consisting of two narrowband sources at θ1 = 0
◦ and θ2 = 30◦ (Figure 3.13(a))
and the rms of the loudspeaker weights across frequency (Figure 3.13(b)) using
single-stage LS. Source 1 consists of two sinusoidal components of f1,1 = 4kHz
and f1,2 = 700Hz and the target zone for this signal is zone 1. Source 2 comprises
two sinusoidal components of f2,1 = 2kHz and f2,2 = 300Hz and the target zone
for this signal is zone 2. The MSE within the zones is the summation of errors
generated by all sources at that zone’s matching point(s). The MSE of sound
field reproduction in zones 1 to 3 is -17dB, -16dB and -19dB respectively.
Figure 3.14 illustrates the sound field of two narrowband sources at θ1 = 340.8
◦
and θ2 = 120
◦ (Figure 3.14(a)) and the rms of the loudspeaker weights across
frequency (Figure 3.14(b)) using single-stage LS. At 340.8◦, zone2 is occluded by
zone1 and this is thus the worst angle in terms of the sound field quality generated
for source 1 in zone1 (and lack of silence in zone 2). The mean error of sound
field reproduction in zones 1 to 3 is -9dB, -8dB and -14dB respectively.
As can be seen in both examples, the loudspeaker weights are significantly
more active around the source angles. It is also clear from the results that the
predominant error in the system is generated by zonal occlusion effects. Fur-
thermore, the occlusion errors are larger for higher frequency components of nar-
rowband signals. These basic results are used in the following section which
investigates features of multi-frequency component signals such as speech. Mul-
tizone reproduction of speech signals is a challenging scenario as the utterances
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can be affected differently dependent on their frequency spectrum. The follow-
ing section investigates the performance of multizone system in the generation of
multiple speech source signals while the effects of the occlusion measured using
PESQ [113].
3.7 Speech Multizone Sound Field Reproduc-
tion using Single-stage LS
In this section, isolated speech sound fields are generated in a multizone system.
Every zone is the target zone of only one speech signal and this effectively gener-
ates a set of personal audio spaces within the sound field. According to equation
3.1, frequencies up to f = 4kHz can be accurately generated with a maximum
error of 4% over a single zone of radius Rc = 2m using L = 300 loudspeakers.
Thus, the speech signals sampled at 8kHz can also be generated over the single
zone with less than 4% error using similar configuration. In the following, gener-
ation of multiple speech source signals sampled at 8kHz within isolated zones is
investigated.
Figure 3.15 illustrates the multizone, isolated sound field system used in the
multiple speech source scenario. In the system, the radius of all zones is fixed at
rz for simplicity, but different radii are a simple extension of the approach. Each
loudspeaker is fed the summation of speech signals weighted by the corresponding
loudspeaker complex weight, W (`). If Gs is the spectrum of the sth speech signal,
the speech signal at the matching point m is then the inverse Fourier transform
of
p(rm, φm) =
L∑
`=1
(
S∑
s=1
Gs.Ws)h(m, `) (3.14)
where h(m, l) is a Q by 1 vector of Green’s functions which relate the pressure of
the `th loudspeaker and the pressue at the matching point m for all Q constituent
frequencies. Ws is a Q by L matrix of all loudspeaker weights corresponding to
source s.
For the simulation, in this section the same configuration of multizone sur-
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Figure 3.15: Diagram of reproduction isolated speech sound fields in a multizone
surround system.
round system used in section 3.5 was employed. Two utterances were used as
the source signals; the first utterance reproduced in the first active zone (zone 1)
and the second utterance in the second active zone (zone 2). We aim to minimise
both speech sound fields in the third zone which is aimed to be a silent zone for
both sources. Figure 3.16 shows the original utterances (”green” and ”strong”
by a male speaker) and the generated speech derived from the sound field at the
centre of zones 1, 2 and 3.
Table 3.1 shows PESQ values between the source speech signals and speech
signals at the matching points in the centre of zones 1, 2 and 3 across a number of
source angles. The PESQ values are commonly used to describe the reproduced
speech quality on a scale from 1 to 5, where 1 represents the lowest quality. As
can be seen from the results in Table 3.1, the PESQ values are considerably higher
in all simulations for the speech signals in their corresponding active zones. The
quality of speech signals with the PESQ values close to 3 was satisfactory in the
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Figure 3.16: Results based on the configuration: N = 3, L = 300, rz = 0.3m and
rs = 4m. (a) speech1 (utterance ”green”) (b) speech 2 (utterance ”strong”) (c)
signal at the centre of zone1(d) signal at the centre of zone2, and (e) signal at
the centre of zone3. Two sources are located at θ1 = 0
◦ and θ2 = 120◦.
listening tests (column 1 of Table 3.1). For those source angles where occlusion is
a problem, the PESQ values and thus the quality of speech signals degrade (see
column 3 of Table 3.1). This can be seen clearly if columns, 1 and 3 of Table
3.1 (where θ2 = 120
◦) are compared. In column 3, zone 2 is occluded by zone
1 and the PESQ for each source is reduced as compared to column 1. Hence,
one of the limitations of the current approach is that the zone positioning is
necessarily limited so as to avoid occlusion if high quality multiple speech source
reproduction is to be achieved.
One issue with multizonal reproduction of speech utterances is that the fre-
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Table 3.1: PESQ values between source speech signals and speech signals at the
centres of zone1, 2 and 3. Zone 1 is active for speech1 (at azimuths indicated) and
zone2 is active for speech2 (at azimuths indicated). N = 3, rz = 0.3m, L = 300
and rs = 4m for both sources.
  
(  01 , 
1202 ) 
(  01 , 
 902 ) 
(  8.3401  
, 1202 ) 
Zone1 (2.8, 1.1) (2, 0.9) (2.7, 1.3) 
Zone2 (1.2, 2.9) (1.7, 2.4) (1, 2.6) 
Zone3 (1.8, 2) (1.8, 2.3) (1.3, 1.3) 
quency effects of occlusion are not uniform across all frequencies. Since speech
signals contain a range of frequency components, different utterances (in this case
the two test signals) are differently affected in terms of angular error.
The results indicated that it is feasible to create a multi-zone system for
multiple users (effectively personal audio spaces) if the zone positioning is selected
so as to avoid occlusion effects. In addition to occlusion limitation, the prohibitive
number of loudspeakers required for multizone sound field reproduction is another
major practical challenge. The following section investigates the performance of
a single-stage Lasso algorithm generating multizone sound fields using a limited
number of loudspeakers.
3.8 Single-stage Lasso Weight Estimation for Mul-
tizone Sound Field Generation
To reproduce the desired sound field of a virtual point source, the LS approach
allocates power to all loudspeakers of a regularly-spaced array. In such an array,
the number of loudspeakers required for accurate sound generation increases with
the size of the reproduction area and frequency range [20],[9]. When the number
of loudspeakers is limited, the LS-optimal loudspeaker locations must be selected
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for the best sound field reproduction of the virtual source. To reproduce the
desired sound field for each frequency, fq of source s, the Ls,q loudspeakers from Lc
candidate loudspeakers (Lc  Ls,q) must be activated. From the model selection
approaches in [116], one could enforce a desirably small number of loudspeakers
by computing their weights as the solution of the following optimization problem:
Wˇs,q := arg min
Ws,q
[
1
2
‖HqWs,q −Ds,q‖22 + β‖Ws,q‖0
]
(3.15)
where the `0-norm ‖Ws,q‖0 is the number of nonzero weights in Ws,q and β is
the penalty parameter. This is a non-convex problem which is NP-hard [21] and
requires exhaustive searches over all subsets of columns of the Green’s function
matrix Hq [117]. To overcome this problem, the Lasso algorithm replaces the non-
convex `0-norm with the convex `1-norm and the complex loudspeaker weights
can then be calculated from:
Wˆs,q := arg min
Ws,q
[
1
2
‖HqWs,q −Ds,q‖22 + λ‖Ws,q‖1
]
(3.16)
where ‖.‖1 is the `1-norm and λ is the preselected Lasso penalty parameter.
Larger values of λ produce fewer nonzero loudspeaker weights and equation
(3.16) can be solved using a coordinate descent method in the Frequency do-
main [13]. In this algorithm, all loudspeaker weights, Ws,q(l), l = 1, ..., Lc are
updated individually at each iteration. If hq(l) denotes the lth column of Hq (the
2-D Green’s function matrix), the error of the `th loudspeaker at the ith itera-
tion is calculated by removing from Ds,q the effect of prior loudspeaker entries{
W
(i)
s,q (1), · · · ,W (i)s,q (`− 1)
}
in that ith iteration and the following loudspeaker
entries
{
W
(i−1)
s,q (`+ 1), · · · ,W (i−1)s,q (Lc)
}
in the (i− 1)th iteration:
e(i)s,q(`) := Ds,q −
`−1∑
l=1
hq(l)W
(i)
s,q (l)−
Lc∑
l=`+1
hq(l)W
(i−1)
s,q (l) (3.17)
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Using the updated error, the `th loudspeaker weight at the ith iteration is then
given by:
W (i)s,q (`) =
[‖hq(`)‖22]−1 (|hHq (`)e(i)s,q(`)| − λ)+ ej∠(hHq (`)e(i)s,q(`)) (3.18)
where (r)+ = r for r > 0, and (r)+ = 0 for r ≤ 0. W (i)s,q (`) is the unique solution
of (3.16) which is written compactly for two cases depending on the value of λ.
When λ ≥ |hHq (`)e(i)s,q(`)|, there is no stationary point over the differentiable region
and W
(i)
s,q (`) = 0 is the unique global minimum whereas for λ < |hHq (`)e(i)s,q(`)|,
the complex stationary point is the unique global minimum [13]. The algorithm
is allowed to iterate until (3.16) converges to its global optimum as guaranteed in
[118]. The coordinate descent algorithm is a fast convex optimization solver which
provides the solution of (3.16) for a specific value of λ. The LARS algorithm [119]
can also be used to solve (3.16) in cases where many values of λ are of interest. In
a sound reproduction scenario, the LARS algorithm gives a range of λ values along
the solution path of (3.16) from which the best may be chosen for a particular
number of active loudspeakers. The coordinate descent algorithm, however, is
preferable over LARS for multizone sound field reproduction scenario as it is a
faster solver for selection of a limited number of loudspeakers from a large number
of candidate positions.
3.9 Lasso Regularization
Regularization improves the sound field reproduction performance in both LS
and Lasso approaches. In the Lasso technique, the value of λ critically affects
the sparsity level of the solution and thus the selection of an optimum penalty
parameter value is of paramount importance. To achieve an optimum penalty
parameter λ, a cross-validation technique [120] is described in this section which
selects λ on the basis of a model selection procedure. In the Lasso algorithm, the
search for the optimum value of λ is limited to the interval [0, ‖HHq Ds,q‖∞] as it
is known that Wˆs,q = 0 for λ > ‖HHq Ds,q‖∞ [121]. Thus, the maximum penalty
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parameter may be:
λmax = ‖HHq Ds,q‖∞ (3.19)
The aim of the cross validation approach is to select the optimum value of λr
among R, r = 1, ...R possible values. In this approach, the desired field data,
Ds,q is divided into G equal groups g = 1, ..., G. Let D
(g)
s,q denote the gth group
and D(−g)s,q denote the desired field vector, Ds,q excluding the gth group. The
Lasso solution based on D(−g)s,q with penalty parameter λr can be calculated from:
Wˆ
(−g)
s,q := arg min
Ws,q
[
1
2
‖H(−g)q Ws,q −D(−g)s,q ‖22 + λr‖Ws,q‖1
]
(3.20)
where H(−g)q is matrix Hq excluding the rows corresponding to the gth group.
In equation (3.20), the Lasso solution, Wˆ
(−g)
s,q is independent of D
(g)
s,q . The error
generated by loudspeaker weights,Wˆ
(−g)
s,q to reproduce D
(g)
s,q is then given by:
E(g)r := ‖D(g)s,q −H(g)q Wˆ
(−g)
s,q ‖22 (3.21)
where H(g)q is a matrix including the rows of Hq corresponding to the gth group.
The Lasso problem in (3.20) and the testing error in (3.21) then should be calcu-
lated for all G groups (g = 1, ..., G). In this process, the Lasso solution is derived
for the data contained in (G − 1) groups and the testing error computed in the
group that was removed. The averaged error corresponding to every λr across G
groups is then calculated from:
Er :=
G∑
g=1
E(g)r (3.22)
The averaged error in (3.22) should be calculated for all possible values of λr, r = 1, ...R.
The λr corresponding to the minimum averaged error Er is then selected for Lasso
regularization.
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Table 3.2: LS and Lasso performance within N = 3 zones at the comparable
power for different source angles.
 f=0.5kHz f=2kHz f=3.5kHz 
Source Angle 
(Degrees) 
0 19.2 139.2 0 19.2 139.2 0 19.2 139.2 
Candidate speakers 50 50 50 200 200 200 200 200 200 
Active speakers 29 31 32 43 69 119 38 144 163 
Power 0.42 0.63 0.3 0.39 1 0.68 0.37 2.44 1.55 
Lasso error zone1 -37 -34 -33 -37 -31 -28 -37 -28 -26 
Lasso error zone2 -44 -40 -35 -41 -43 -30 -41 -38 -26 
Lasso error zone3 -43 -34 -42 -41 -30 -43 -41 -28 -36 
LS error zone1 -26 -28 -27 -9 -14 -24 -8 -13 -16 
LS error zone2 -32 -32 -30 -13 -17 -26 -10 -14 -16 
LS error zone3 -32 -30 -36 -13 -16 -38 -10 -16 -19 
3.10 Monochromatic Multizone Sound Field Re-
production using Single-stage Lasso
The variable selection property of Lasso provides judicious placement of the loud-
speaker array as was explained in Section 3.8. Using the Lasso algorithm, it is
possible to choose those loudspeakers which have a significant role in the sound
field generation rather than employing a regular all-active array of loudspeak-
ers. The following simulations assess the performance of the single-stage Lasso
algorithm in comparison to the regularized LS approach in the reproduction of
monochromatic isolated sound fields.
For all the simulations in this section, the same configuration of multizone
surround system used in section 3.5 is employed for simplicity. Using the cross
validation technique, the value of λ that led to the minimum reproduction error
for the coordinate descent algorithm should first be selected. The selected λ
then picks the number of nonzero loudspeaker weights among a larger number
of candidate positions. For a fair comparison, the LS method was set to use the
same number of loudspeakers as that selected by Lasso in a uniform array. The
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Figure 3.17: Sound field visualization at f = 1.8kHz using (a) single-stage LS
and (b) single-stage Lasso. The source is located at θ = 19.2◦. The number of
zones and loudspeakers are respectively N = 3 and L = La = 42.
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Figure 3.18: The computed loudspeaker weights using (a) single-stage LS and (b)
single-stage Lasso (f = 1.8kHz). The source is located at θ = 19.2◦. The number
of zones and loudspeakers are respectively N = 3 and L = La = 42.
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Figure 3.19: Zone errors for different angles of source at f = 1.8kHz using single-
stage LS. The number of zones and loudspeakers are respectively N = 3 and
L = 42.
LS penalty parameter δ was also selected in order to yield a comparable total
loudspeaker power to that of Lasso.
Figure 3.17 illustrates the resulting sound fields for a source angle of θ = 19.2◦
at f = 1.8kHz reproduced using (a) single-stage LS and (b) single-stage Lasso and
L = La = 42 loudspeakers. At 19.2
◦, zone 3 (silent zone) and zone 1 (the active
zone) are in line with the source. It can be observed that the Lasso technique
outperforms LS in reproducing this source field by 14dB, 18dB and 12dB in zones
1 to 3 respectively. Figure 3.18 demonstrates the computed loudspeaker weights
corresponding to Figure 3.17 using (a) single-stage LS and (b) single-stage Lasso
and L = La = 42 loudspeakers. It can be clearly seen that the LS approach
employs a wider aperture of loudspeakers than Lasso to reproduce the desired
field (with comparable power).
Table 3.2 lists the LS and Lasso MSE in each zone (for comparable power) at
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Figure 3.20: Zone errors for different angles of source at f = 1.8kHz using single-
stage Lasso. The number of zones is N = 3 and the range of active loudspeakers
selected from Lc = 50 candidate positions in different positions is La = 26− 42.
θ = 0◦, θ = 19.2◦ and θ = 139.2◦. As can be seen in Table 3.2, the performance
of Lasso at higher frequencies (2kHz and 3.5khz) for θ = 0◦ is up to 30dB better
than the LS approach. This is because the solution is quite sparse for high
frequencies when the surround system can beam sound easily between zones. At
low frequencies, the two approaches are more competitive and Lasso outperforms
LS by approximately 5 to 12 dB. In the case of occlusion (in this case, at θ = 19.2◦
and θ = 139.2◦), Lasso selects a wider aperture of loudspeakers to beam the sound
into the active zone and thus avoids the silent zone in line with that active zone.
Figures 3.19 and 3.20 demonstrate the MSE vs source angle using LS and Lasso
respectively. The Lasso penalty parameter, λ, was constant for all angles of
incidence and was selected for the worst angle θ = 139.2◦ (requires the maximum
number of loudspeakers).
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Table 3.3: The mean error(ME) of Figure 3.22. Two wideband sources are located
at θ1 = −15◦ and θ2 = 15◦. The ME is calculated for single frequencies of
f1 = 500Hz from source 1 and f2 = 1.6kHz from source 2. The number of active
loudspeakers in both methods is identical i.e. L = La = 84.
Virtual Source Area 
ME(dB) Speakers 
Power LS Lasso 
Source1 
Hz500f1  
zone1 -18 -12 
0.05 zone2 -28 -22 
NOA -12 -10 
Source2 
kHz6.1f2  
zone1 -31 -22 
0.13 zone2 -16 -12 
NOA -13 -10 
As can be seen, Lasso can provide a higher performance multizone system
(as compared to a LS approach) when the number of matching points and loud-
speakers are limited. In particular, Lasso is successful when the actual source
includes high frequencies and the surround system can beam sound directly to
a zone (i.e. there is no occlusion). In the case of low frequencies and occlusion
effects, the two methods are more competitive as Lasso employs a larger number
of loudspeakers (selected from the regular array of candidate positions) to be able
to conduct sound to active zones while avoiding pollution of silent zones.
The following section compares the performance of the single-stage LS and
single-stage Lasso algorithms for isolated sound reproduction of two wideband
sources.
3.11 Wideband Multizone Sound Field Repro-
duction using Single-stage Lasso
As shown in Section 3.10, the single-stage Lasso is more successful than the single-
stage LS approach in monochromatic isolated sound field reproduction using a
limited number of loudspeakers. For wideband sources, however, Lasso selects
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Figure 3.21: Loudspeaker locations for (a) single-stage LS and (b) single-stage
Lasso, sources located at θ1 = −15◦ and θ2 = 15◦, the number of loudspeakers
used in the reproduction of two wideband sources is L = La = 84.
different sets of loudspeakers for the reproduction of different frequencies and
sources. In other words, Lasso does not employ all selected loudspeakers to re-
produce all frequencies and sources. This can decrease the Lasso success in the
generation of wideband sound fields in comparison to LS approach. In the follow-
ing analysis the aim is to compare the performance of Lasso and LS techniques in
the generation of S isolated wideband sound fields (s = 1, ..., S) with constituent
frequencies fq,q = 1, ..., Q in N zones within the loudspeaker array. The task is
to generate a desired field for every source in one corresponding active zone and
to suppress it effectively in the other N-1 zones (silent zones) using an array of
loudspeakers located on an arc of 180.
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Figure 3.22: Sound field visualization using (a) single-stage LS and (b) single-
stage Lasso. Two wideband sources are located at θ1 = −15◦ and θ2 = 15◦ (Single
frequencies of f1 = 500Hz and f2 = 1.6kHz shown for clarity). In both methods,
the number of loudspeakers used in the reproduction of two wideband sources is
L = La = 84.
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Figure 3.23: Loudspeaker weights using (a) single-stage LS and (b) single-stage
Lasso. Two wideband sources are located at θ1 = −15◦ and θ2 = 15◦ (Single
frequencies of f1 = 500Hz and f2 = 1.6kHz shown for clarity). In both methods,
the number of loudspeakers used in the reproduction of two wideband sources is
L = La = 84.
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Throughout this section, the N = 2 zones have fixed locations at Rz = 1.7m
from the origin and zone angles are ψz1 = −45◦ and ψz2 = 45◦. It is assumed
that zone 1 is the target zone for source 1 and zone 2 the target zone for source
2. The loudspeaker and source radii are considered to be rs = r` = 5m and the
number of matching points used in each zone of radius rz = 0.3m is M = 110.
In this section, the performance of the single-stage Lasso algorithm is compared
to the single-stage LS for isolated sound reproduction of S = 2 wideband sources
located at θ1 = −15◦ and θ2 = 15◦ in N = 2 corresponding zones. Instead of
analysing the wideband source signal on a frequency by frequency basis which
is impractical and time consuming, the test signals considered here comprise
Q = 23 center band frequencies of one-third octave bands [122] from 100Hz to
16kHz. For isolated sound generation of S = 2 wideband sources using single-
stage Lasso, SQ = 46 Lasso problems were solved to select 46 different sets of
loudspeakers from Lc = 580 candidate positions. The Lasso penalty parameter
λ1 = 2 was fixed across the range of frequencies. The unified 46 sets of selected
loudspeakers give a total of La = 84 active loudspeakers for the reproduction of
both wideband sources using single-stage Lasso.
For a fair comparison between the single-stage Lasso and single-stage LS in
wideband sound reproduction, the same number of active loudspeakers, L =
La = 84, was employed for the LS and Lasso methods at a comparable total
loudspeaker weight power. Figure 3.21 shows the location of all L = La = 84
loudspeakers used in single-stage LS (Figure 3.21(a)) and single-stage Lasso (Fig-
ure 3.21(b)) algorithms. Loudspeakers used in the single-stage LS were arranged
in a uniformly-spaced array while the location of loudspeakers shown for Lasso
approach is the unified 46 sets of selected loudspeakers across frequency. For
clarity, Figures 3.22, 3.23 and 3.24 compare the performance of the single-stage
regularized LS and Lasso methods at a comparative total loudspeaker weight
power for the reproduction of two selected frequencies f1 = 500Hz from source1
and f2 = 1.6kHz from source2. In Figure 3.23, the loudspeaker weights are cal-
culated for the reproduction of both the discrete frequencies f1 and f2. For the
reproduction of both wideband sources using single-stage Lasso in Figure 3.23(b),
a set of La = 84 loudspeakers were used but only a subset of them were powered
for the reproduction of discrete frequencies f1 or f2, whereas in the single-stage
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Figure 3.24: Reproduction squared error (dB) within the circle of radius Rc =
2.5m using (a) single-stage LS and (b) single-stage Lasso. Two wideband sources
are located at θ1 = −15◦ and θ2 = 15◦ (Squared error for the generation of single
frequencies f1 = 500Hz from source1 and f2 = 1.6kHz from source2 shown for
clarity). The number of active loudspeakers in both methods is identical i.e.
L = La = 84.
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LS approach, all L = 84 loudspeakers in Figure 3.23(a) were active for the gen-
eration of each discrete frequency f1 or f2. It can be seen that single-stage Lasso
is less accurate than single-stage LS for wideband sound generation.
Table 3.3 lists the mean error within the zones and the NOA for the sound re-
production in Figure 3.22 at comparable total loudspeaker weight power for both
methods. This table demonstrates that single stage regularized LS performance
is up to 9dB better than single stage Lasso. Figure 3.24 illustrates the squared
error generated within the circle of radius Rc = 2.5m for the reproduction of the
sound fields in Figure 3.22. The error generated by Lasso can be seen almost
everywhere within the circle (Figure 3.24(b)) whereas the LS error is lowest in
the vicinity of the zones (Figure 3.24(a)).
It is clear from the simulation results of this section that for wideband sound, a
single-stage Lasso approach is less accurate than single-stage LS. This is due to the
fact that Lasso does not employ all selected speakers to reproduce all frequencies
and sources. Thus, the following chapter proposes a new two-stage Lasso-LS
algorithm to combine the advantages of regularized LS and Lasso techniques.
The first stage of the algorithm uses the selectivity of Lasso to choose an optimal
subset of speakers across all frequency bands, while LS is then employed in a
second stage to optimize the weightings for that subset.
3.12 Summary and Contribution
This chapter adopts a pressure matching approach which provides a more flex-
ible formulation than higher order ambisonic approaches for the generation of
multiple isolated soundfields. The base approach, computes loudspeaker weights
which allow for the placement of single sources in the soundfield using single-stage
LS optimization. The approach is then extended firstly to two multi-frequency
sources and then to narrowband speech signals. The results for multi-frequency
sources explore the zonal soundfield errors resulting from varied source positions.
A solution is then proposed for multizone speech reproduction in a multi user
environment. The performance investigation of multizone system for speech re-
production using PESQ identified that the approach is feasible for zones which
do not suffer occlusion effects from other zones. The results also show that the
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utterances are affected differently dependent on their frequency spectrum.
To reduce the number of loudspeakers, the multizone system was then formu-
lated as a sparse linear regression problem and solved using the Lasso. Specifi-
cally, this chapter exploits the Lasso variable selection property to advantageously
select loudspeaker locations from a large set of candidates. Simulation results in-
dicate that the Lasso approach provides a higher performance monochromatic
multizone system (as compared to a LS approach) when the number of matching
points and loudspeakers are limited. Moreover, in this chapter, the performance
of single-stage LS and single-stage Lasso techniques was investigated for the first
time for wideband sound field reproduction. The advantages and disadvantages
of single-stage LS and single-stage Lasso techniques were then identified based on
both mathematical formulation and simulation results. It is demonstrated that
the LS technique outperforms Lasso in wideband sound field reproduction since
Lasso does not employ all selected loudspeakers to reproduce all frequencies and
sources. From the findings in this chapter, a new two-stage Lasso-LS pressure
matching approach is proposed in the following chapter for a high performance
multizone wideband sound field reproduction. The two-stage Lasso-LS pressure
matching approach employs Lasso for selection of loudspeaker’ positions and then
utilises a regularized least-squares (LS) algorithm to calculate all selected loud-
speaker weights.
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Chapter 4
Multizone Wideband Sound Field
Generation using a Combined
Two-stage Lasso-LS Algorithm
The prohibitive number of loudspeakers required for the reproduction of isolated
soundfields is the major limitation preventing solution deployment. This chapter
addresses the provision of personal soundfields (zones) to multiple listeners using
a limited number of loudspeakers with an underlying assumption of fixed virtual
sources. For such multizone systems, optimization of loudspeaker positions and
weightings is important to reduce the number of active loudspeakers. Typically,
single stage optimization is performed, but in this chapter a new two-stage pres-
sure matching optimization is proposed for wideband sound sources. In the first
stage, the least-absolute shrinkage and selection operator (Lasso) is used to select
the loudspeakers’ positions for all sources and frequency bands. A second stage
then optimizes reproduction using all selected loudspeakers on the basis of a reg-
ularized least-squares (LS) algorithm. The performance of the new, two-stage
approach using a limited number of loudspeakers is investigated for different re-
production angles, frequency range and variable total loudspeaker weight powers
within the control zones. The performance of the proposed technique is then
investigated within the non-optimized areas at both the loudspeakers’ plane and
at heights between zero and one meter from loudspeakers’ plane. For personal
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sound systems, the evaluation of sound reproduction with height is important
due to listener’s variable heights. Thus, in the last section of this chapter an ar-
ray design with limited number of loudspeakers is proposed which provides high
performance multizone sound system with height.
4.1 Multizone System Geometry using a Semi-
circular Array of Loudspeakers
To reduce the number of candidate positions (consequently the computational
complexity) in the Lasso algorithm, a semicircular array of loudspeakers replaces a
circular array in this chapter for the generation of isolated soundfields in multiple
zones. To investigate the performance of the multizone system, it is assumed
here that the sound field propagates under free field conditions, virtual sources
and loudspeakers are considered to be point sources, and that all zones, virtual
sources and loudspeakers are located in the same plane. In the following analysis
the aim is to generate S isolated sound fields (s = 1, ..., S) for wideband sources
(with constituent frequencies fq, q = 1, ..., Q) in N zones (fixed in position) within
the loudspeaker array with the radius and angle of the sth source being rs and
θs. The task is to generate a desired field for every source in one corresponding
active zone and to suppress it effectively in the other N − 1 zones (silent zones)
using an array of L, ` = 1, ..., L loudspeakers located on an arc of 180◦.
Figure 4.1 illustrates the task scenario with the reproduction zones located at
radius Rz from the origin and the nth zone’s angle given by ψzn . All zones are
located within a semicircle of radius Rc surrounded by an array of L loudspeakers
placed on a semicircle of radius r`. Each zone is of radius rz with a covering
of M matching points distributed uniformly over a Euclidean grid. For each
frequency bin, fq, a pressure matching approach is performed in the frequency
domain to control the sound pressure at the MN matching points within the
zones as explained in Section 3.2. The LS approach controls the loudspeakers
weights, Ws,q(`) at fixed locations on a uniformly spaced array for maximum
pressure matching at microphone positions while it is proposed in this chapter
to control both the loudspeaker locations and their complex weights to achieve
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Figure 4.1: Diagram of reproduction of isolated sound fields in a multizone system
using an arc of loudspeakers.
a high performance multizone system using a limited number of loudspeakers.
To optimize both the loudspeaker locations and weights for a maximum pressure
matching at microphones, a two stage, combined Lasso-LS optimization technique
is proposed in the following section for wideband sound field reproduction.
4.2 Two-stage Loudspeaker Weight Estimation
4.2.1 Two stage, Combined Lasso-LS Optimization
In this section a new two-stage, combined Lasso-LS algorithm (Figure 4.2) is
proposed for wideband sound reproduction with an underlying assumption of
fixed virtual sources. For a given set of virtual source positions and a large set
of Lc potential positions, the LS-optimal loudspeaker locations for the limited
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Figure 4.2: The two-stage Lasso-LS algorithm
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number of loudspeakers must be selected for maximum pressure matching at the
microphones. This is a non-convex problem which can be converted to a convex
problem using Lasso as explained in Section 3.8. Since Lasso guarantees the
global minimum solution of the convex problem using `1-penalization, a first-
stage Lasso optimization was employed to select a subset of loudspeakers across
all frequency bands. In other words, for the present problem, Lasso is used to find
the most efficient locations in terms of achieving the lowest reproduction MSE for
a limited number of loudspeakers. However, single-stage Lasso selects a different
set of active loudspeakers for each discrete frequency, fq of every source s. Thus,
the selected loudspeakers for the reproduction of each frequency fq represent only
a subset of all loudspeakers selected for the generation of all wideband sources.
Multizone system performance can thus be improved by activating all selected
loudspeakers in a second stage LS optimization and performing complex weighting
optimization for all frequency sources. Second stage regularized LS estimation
is proposed as it is theoretically guaranteed to result in the lowest MSE for the
selected set of loudspeakers.
In the first stage of the Lasso-LS algorithm, SQ Lasso problems are solved
to determine all active loudspeakers used for the reproduction of S wideband
sound fields (s = 1, ..., S) with constituent frequencies fq, q = 1, ..., Q. In this
stage, the center band frequencies of one-third octave bands [122] from 100Hz to
16kHz were used to select active loudspeakers in the first stage Lasso algorithm.
The first-stage Lasso penalty parameter λ1 determines the number of selected
active loudspeakers. The larger the first-stage penalty parameter, λ1, is made,
the lower the number of loudspeakers selected. The columns of matrix W are the
solutions of the Lasso problems for sound reproduction of S sources comprising
Q frequency bins such that:
W =

W1,1(1) W1,2(1) · · · WS,Q(1)
W1,1(2) W1,2(2) · · · WS,Q(2)
...
...
...
W1,1(Lc) W1,2(Lc) · · · WS,Q(Lc)
 (4.1)
where W is the Lc by SQ matrix of the loudspeaker weights. The `th entry of
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the total loudspeaker weights vector WΣ is then calculated from:
WΣ(`) =
S∑
s=1
Q∑
q=1
|Ws,q(`)| (4.2)
The Lc by 1 vector of total loudspeaker weights, WΣ, is the output of the first
stage algorithm. The locations of the active loudspeakers to be used in the second
stage are then extracted on the basis of the nonzero entries of WΣ. The number of
those nonzero entries in WΣ thus determines the number of active loudspeakers,
La, to be used in the second stage.
In the second stage, the non-uniformly spaced arc of La active loudspeakers is
used. In this stage, all La selected loudspeakers are utilized for sound reproduc-
tion of all constituent frequencies, fu, u = 1, ..., U of S wideband sources using
LS optimization. Note that, the number of LS problems to be solved for the gen-
eration of S isolated audio signals is thus SU . The penalty parameter δ2 limits
the power of the second-stage LS solution.
The important facet of the proposed technique is the location optimization of
loudspeakers using Lasso sparsity before optimization of the sound field control
parameters (e.g. loudspeaker weights) using a LS pressure matching approach.
The Lasso optimization could also be combined with other sound reproduction
techniques such as beamforming [14], [123], [124], [125], [91], [126] to generate the
desired directivity patterns in the zones. In such scenarios, the Lasso algorithm
would guarantee the LS-optimal loudspeaker placement using a convex `1 norm,
while the beamformer would control the directivity pattern of selected loudspeak-
ers. This technique could enable a wideband beamformer to achieve a controllable
directivity pattern while minimizing the total number of loudspeakers using the
selectivity of Lasso. Beamforming, however, does not produce an exact desired
field as it does not implement pressure matching.
The following section investigates the performance of the two stage Lasso-LS
optimization technique in a multizone system including two control zones. A
reproduction error defined in Section 3.4 will be used in the following section to
compare the error performance of the Lasso-LS approach with the single-stage
LS.
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4.3 Wideband Sound Field Generation within
Two Isolated Zones on the Loudspeakers’
Plane using Lasso-LS Algorithm
In the previous section, it is proved that a maximum pressure matching between
the desired and reproduced soundfields at microphones is obtained through con-
trolling both loudspeaker locations and weights. In this section, the performance
of the two stage, combined Lasso-LS optimization technique proposed in section
4.2 is investigated for a N = 2 zone system. The radius of both zones are con-
sidered to be fixed at Rz = 1.7m from the origin and zone angles are ψz1 = −45◦
and ψz2 = 45
◦. It is assumed that zone 1 is the target zone for source 1 and zone
2 the target zone for source 2. The loudspeaker and source radii are considered to
be rs = r` = 5m and the number of matching points used in each zone of radius
rz = 0.3m is M = 110. The performance of the two-stage, combined Lasso-LS
algorithm is compared here to the single-stage LS approach for isolated sound re-
production of S = 2 wideband sources in N=2 zones. The center band frequencies
of one-third octave bands from 100Hz to 16kHz were used as the representatives
for every frequency band to select the loudspeaker locations relative to that band.
Thus, for the frequency range, 100Hz to 16kHz where the human ear is the most
sensitive, SQ = 46 sets of active loudspeakers out of Lc = 580 candidate posi-
tions are to be selected (corresponding to Q = 23 constituent frequencies of S = 2
wideband sources). The unified 46 sets of the selected loudspeakers give a total
of La active loudspeaker locations to be used in the second-stage algorithm for
the reproduction of both wideband sources.
Figures 4.3(b) and 4.7(b) show the location of all active loudspeakers selected
in the two-stage, combined Lasso-LS algorithm for two different scenarios which
will be discussed in the next subsection. For a fair comparison between the
single-stage LS and two-stage Lasso-LS algorithm in terms of wideband sound
reproduction, the same number of active loudspeakers selected in the Lasso-LS
algorithm was employed to evaluate the LS method at a comparable total loud-
speaker weight power. Loudspeakers used in the single-stage LS are arranged in
a uniformly-spaced array as demonstrated in Figures 4.3(a) and 4.7(a). In the
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following, different aspects are considered for the performance assessment such
as virtual source angles, total loudspeaker weight power and frequency.
4.3.1 Virtual Source Angles
Two distinct scenarios for virtual source angles were considered so as to investi-
gate the performance of the two-stage Lasso-LS algorithm using a limited number
of loudspeakers. In the first scenario, the virtual sources are close to each other
and in the middle of the semicircle array of candidate positions (at θ1 = −5◦ and
θ2 = 5
◦). In the second scenario, the virtual sources (at θ1 = −40◦ and θ2 = 32◦)
are further apart and compared to the first scenario they are closer to the edge
of the semicircle array. In both scenarios, the penalty parameter used for the
first stage Lasso was fixed across the range of frequencies. Using the Lasso-LS
approach, loudspeaker positions are selected during the first stage Lasso algo-
rithm which selects (from all candidate positions) a number of positions closer
to the virtual sources; thus, the selection of active loudspeakers in the first stage
depends on the virtual source angles.
4.3.1.1 Scenario 1: Virtual Sources Located at θ1 = −5◦ and θ2 = 5◦
In this scenario the virtual sources are close to each other and active loudspeakers
selected across frequency in the Lasso-LS algorithm are close to both sources
as illustrated in Figure 4.3(b). In practice, a subset of selected loudspeakers
close to both virtual sources is utilized for Lasso-LS sound reproduction of both
sources. Therefore, this scenario in comparison to the next example where virtual
sources are further apart is an easier scenario in order to reduce the number of
loudspeakers. For a fair comparison between the single-stage LS and the two-
stage Lasso-LS techniques in wideband sound reproduction, the same number of
active loudspeakers selected in the two-stage Lasso-LS algorithm was employed in
the the single-stage LS method at a comparable total loudspeaker weight power
on a uniformly spaced array as illustrated in Figure 4.3(a)(L = La = 78).
Figure 4.4 and 4.5 illustrate respectively the resulting soundfield and the cor-
responding loudspeaker weights of the single-stage LS and the two-stage Lasso-LS
algorithms for scenario 1. Figure 4.4 shows for clarity the generation of a selected
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Figure 4.3: Loudspeaker locations for (a) single-stage LS and (b) two-stage Lasso-
LS, sources located at θ1 = −5◦ and θ2 = 5◦, the number of loudspeakers used in
the reproduction of two wideband sources is L = La = 78.
low frequency from source 1 (f1 = 500Hz) and a higher frequency from source 2
(f2 = 1.6kHz). Figure 4.5 demonstrates that the two-stage Lasso-LS algorithm
computes the loudspeakers weights which are located over a narrower range of
angles (Figure 4.5(b)) as compared to the single-stage LS (Figure 4.5(a)). Table
4.1 demonstrates that in scenario 1, the flexibility of the Lasso-LS algorithm in
locating a limited number of loudspeakers (e.g. La = 78) at the LS-optimal po-
sitions can result in up to 14dB and 31dB improvement over a single-stage LS
approach in the reproduction of frequencies f1 and f2, respectively, within the
control zones. However, a regularly-spaced array is up to 2dB more successful
in terms of limiting the error within the NOA. This is because the loudspeaker
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Figure 4.4: Sound field visualization using (a) single-stage LS and (b) two-stage
Lasso-LS. Two wideband sources are located at θ1 = −5◦ and θ2 = 5◦. (Single
frequencies of f1 = 500Hz and f2 = 1.6kHz shown for clarity). In both methods
the number of active loudspeakers is L = La = 78.
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Figure 4.5: Loudspeaker weights using (a) single-stage LS and (b) two-stage
Lasso-LS. Two wideband sources are located at θ1 = −5◦ and θ2 = 5◦. (Single
frequencies of f1 = 500Hz and f2 = 1.6kHz shown for clarity). In both methods
the number of active loudspeakers is L = La = 78.
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Figure 4.6: Reproduction squared error (dB) within the circle of radius Rc = 2.5m
using (a) single-stage LS and (b) two-stage Lasso-LS. Two wideband sources are
located at θ1 = −5◦ and θ2 = 5◦ (Squared error for the generation of single
frequencies f1 = 500Hz from source 1 and f2 = 1.6kHz from source 2 shown
for clarity). The number of active loudspeakers in both methods is identical i.e.
L = La = 78.
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Table 4.1: The mean error (ME) of figure 4.4. Two wideband sources are located
at θ1 = −5◦ and θ2 = 5◦. The ME is calculated for single frequencies of f1 =
500Hz from source 1 and f2 = 1.6kHz from source 2. The number of active
loudspeakers in both methods is identical i.e. L = La = 78.
Virtual Source Area 
ME(dB) Speakers 
Power LS Lasso-LS 
Source1 
Hz500f1  
zone1 -18 -32 
0.05 zone2 -26 -37 
NOA -12 -10 
Source2 
kHz6.1f2  
zone1 -30 -59 
0.13 zone2 -17 -48 
NOA -14 -12 
locations are not selected for the best desired sound reproduction in the NOA
and thus they are not located at the best spots to generate minimum error in this
area. Figure 4.6 illustrates the squared error generated within the circle of radius
Rc = 2.5m for the reproduction of the soundfields in Figure 4.4. Figure 4.6(a)
also shows that the single-stage LS error is lowest in the vicinity of the zones in
comparison to the error generated in the Lasso-LS algorithm (Figure 4.6(b)).
4.3.1.2 Scenario 2: Virtual Sources Located at θ1 = −40◦ and θ2 = 32◦
In this scenario, where the virtual sources are located further apart, the active
loudspeakers in the two-stage Lasso-LS approach are selected only for the re-
production of one of the sources as illustrated in Figure 4.7(b). Therefore, this
scenario in comparison to the previous example where virtual sources were close
to each other, is a more difficult scenario in order to reduce the number of loud-
speakers. For the single-stage LS sound reproduction approach, similarly to the
previous scenario a regularly-spaced array of L = 86 loudspeakers is used as
demonstrated in Figure 4.7(a). Figure 4.8 shows for clarity the generation of a
selected low frequency from source 1 (f1 = 500Hz) and a higher frequency from
source 2 (f2 = 1.6kHz). Figures 4.9(a) and 4.9(b) demonstrate respectively the
corresponding loudspeaker weights of the single-stage LS and the two-stage Lasso-
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Figure 4.7: Loudspeaker locations for (a) single-stage LS and (b) two-stage Lasso-
LS, sources located at θ1 = −40◦ and θ2 = 32◦, the number of loudspeakers used
in the reproduction of two wideband sources is L = La = 86.
LS algorithms for scenario 2 at selected frequencies f1 = 500Hz and f2 = 1.6kHz
and at comparable total loudspeaker weight power. This figure demonstrates that
the two-stage Lasso-LS algorithm computes the loudspeakers weights which are
located closer to the source angles as compared to the single-stage LS. Table 4.2
shows that using L = La = 86 active loudspeakers for scenario 2, Lasso-LS is up
to 7dB and 19dB more accurate than a LS approach in generation of the selected
low frequency f1 and the higher frequency f2 respectively. These results show
that, in scenario 2 (similarly to scenario 1), the Lasso-LS algorithm improves the
performance of the multizone system in terms of reproduction at both low and
higher frequencies within the control zones but not within the NOA. Figure 4.10
85
4. Multizone Wideband Sound Field Generation using a Combined
Two-stage Lasso-LS Algorithm
(b) 
x(m) 
y(
m
) 
(a) 
x(m) 
y(
m
) 
Figure 4.8: Sound field visualization using (a) single-stage LS and (b) two-stage
Lasso-LS. Two wideband sources are located at θ1 = −40◦ and θ2 = 32◦ (single
frequencies of f1 = 500Hz and f2 = 1.6kHz shown for clarity). In both methods
the number of active loudspeakers is L = La = 86.
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Figure 4.9: Loudspeaker weights using (a) single-stage LS and (b) two-stage
Lasso-LS. Two wideband sources are located at θ1 = −40◦ and θ2 = 32◦ (single
frequencies of f1 = 500Hz and f2 = 1.6kHz shown for clarity). In both methods
the number of active loudspeakers is L = La = 86.
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Figure 4.10: Reproduction squared error (dB) within the circle of radius Rc =
2.5m using (a) single-stage LS and (b) two-stage Lasso-LS. Two wideband sources
are located at θ1 = −40◦ and θ2 = 32◦ (Squared error for the generation of single
frequencies f1 = 500Hz from source 1 and f2 = 1.6kHz from source 2 shown
for clarity). The number of active loudspeakers in both methods is identical i.e.
L = La = 86.
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Table 4.2: The mean error (ME) of figure 4.8. Two wideband sources are located
at θ1 = −40◦ and θ2 = 32◦. The ME is calculated for single frequencies of
f1 = 500Hz from source 1 and f2 = 1.6kHz from source 2. The number of active
loudspeakers in both methods is identical i.e. L = La = 86.
Virtual Source Area 
ME(dB) Speakers 
Power  LS Lasso-LS 
Source1 
Hz500f1  
zone1 -16 -23 
0.05 zone2 -23 -27 
NOA -11 -10 
Source2 
kHz6.1f2  
zone1 -26 -42 
0.13 zone2 -15 -34 
NOA -13 -11 
illustrates the squared error generated within the circle of radius Rc = 2.5m for
the reproduction of the soundfields in Figure 4.8. In Figure 4.10(a) similarly to
Figure 4.6(a), the LS error is lowest in the vicinity of the zones in comparison to
the error generated in the Lasso-LS algorithm (Figure 4.10(b)).
4.3.2 The MSE versus Total Loudspeaker Weight Power
Figure 4.11 shows that the two-stage, combined Lasso-LS technique far out-
performs the single-stage LS in reproduction of a selected low frequency tone
(f1 = 500Hz) and a high frequency tone (f2 = 10kHz) of virtual wideband source
1 located at θ1 = −15◦. In the Lasso-LS algorithm, La = 84 loudspeaker locations
are selected out of Lc = 580 candidate positions on the basis of two wideband
sources located at θ1 = −15◦ and θ2 = 15◦ and using a fixed Lasso penalty param-
eter λ1 = 2. In the single-stage LS approach the same number of loudspeakers
(L = 84) are used in a uniformly-spaced array. The loudspeaker locations for
the single-stage LS and the two-stage Lasso-LS techniques for this scenario were
illustrated in Figure 3.21 of chapter 3. The total loudspeaker weight powers for
the regularized LS and Lasso-LS techniques are varied by tuning, respectively, the
LS penalty parameter, δ1 and the Lasso-LS second stage penalty parameter, δ2.
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Figure 4.11: The MSE vs total loudspeaker weight power for the generation of
selected frequencies (a) f = 500Hz and (b) f = 10kHz of source 1 at θ1 = −15◦
with zone 1 as the target zone for this source and zone 2 as the corresponding
silent zone. In the Lasso-LS algorithm, the loudspeaker locations are selected
considering two wideband sources located at θ1 = −15◦ and θ2 = 15◦. The
number of active loudspeakers in both methods is identical i.e. L = La = 84.
90
4. Multizone Wideband Sound Field Generation using a Combined
Two-stage Lasso-LS Algorithm
In Figure 4.11, Lasso-LS generates e.g. the selected low frequency (f1 = 500Hz)
in zone 1 and zone 2 respectively with 39dB and 20dB less MSE than single-
stage LS at a power p = 0.05 (Figure 4.11(a)) and generates the selected high
frequency (f2 = 10kHz) within zone 1 and zone 2 with 48dB and 49dB less MSE
at a power p = 0.16 (Figure 4.11(b)) using L = La = 84 active loudspeakers.
The reason for the Lasso-LS algorithm’s dramatic advantage over single-stage LS
within the control zones is the capability of the Lasso-LS algorithm to control
both the loudspeaker locations and their complex weights for maximum pressure
matching at microphone positions. Figure 4.11 demonstrates, however, that the
Lasso-LS algorithm performance in the NOA is not better than the LS method.
This is because the loudspeaker locations are not selected for the best desired
sound reproduction in the NOA and thus are not located at the best spots to
generate minimum error using a limited number of loudspeakers in this area.
4.3.3 The MSE versus Frequency
Figure 4.12(a) shows that Lasso-LS algorithm outperforms the single-stage LS
across all frequencies from 100Hz to 16kHz for the reproduction of virtual wide-
band source 1 located at θ1 = −15◦. Figure 4.12(b) demonstrates the corre-
sponding total loudspeaker weight power versus frequency and shows that the
total loudspeaker weight power is comparable at frequencies over 200Hz, while
the penalty parameters are kept constant across frequency (The LS penalty pa-
rameter is δ1 = 6, the Lasso first-stage penalty parameter is λ1 = 2 and the LS
second stage penalty parameter is δ2 = 0.5). As can be seen, for both zones, there
is a LS peak error at f = 3.4kHz which results from the use of a solution with
lower energy than the minimum energy solution. However, locating the same
number of loudspeakers at the LS-optimal positions in the Lasso-LS approach
provides solutions with enough energy required for accurate multizone sound re-
production across frequency. The MSE generated at f = 3.4kHz using LS and
Lasso-LS is -17dB and -76dB in zone 1 and -20dB and -89dB in zone 2 respec-
tively at the total loudspeaker weight power, p = 0.16. Furthermore, increasing
the frequency from 700Hz to 16kHz, the Lasso-LS algorithm outperforms the
single-stage LS by a further 20dB. At low frequencies with decreasing frequency
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Figure 4.12: (a) The MSE measured in the control zones vs frequency and (b)
total loudspeaker weight power vs frequency for source 1 at θ1 = −15◦ with zone
1 as the target zone for this source and zone 2 as the corresponding silent zone.
In the Lasso-LS algorithm, the loudspeaker locations are selected considering two
wideband sources located at θ1 = −15◦ and θ2 = 15◦. The number of active
loudspeakers in both methods is identical i.e. L = La = 84.
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from 500Hz, the performance of two methods becomes more competitive.
In this section, different aspects such as virtual source angles, total loud-
speaker weight power and frequency were considered for the performance assess-
ment of the Lasso-LS algorithm in comparison to single-stage LS in sound repro-
duction within two isolated zones on the loudspeakers’ plane. As it was proved
in Section 4.2, the Lasso-LS algorithm optimizes both the loudspeaker locations
and their weights in frequency domain for maximum pressure matching between
the desired and reproduced soundfields at microphone positions. The results in
this section demonstrated that the Lasso-LS approach outperforms single-stage
LS technique for both case scenarios where the virtual sources are close to each
other or located further apart. It is shown that in both scenarios the Lasso-LS
approach is more successful than single-stage LS across frequency and at different
comparable total loudspeaker weight power in isolated sound generation within
two zones on the loudspeakers’ plane. The optimal selection of loudspeaker loca-
tions in Lasso-LS technique for wideband soundfield reproduction is the reason
for this dramatic advantage over single-stage LS.
4.4 Effectiveness of Horizontal Personal Sound
Systems for Listeners of Variable Heights
Standard surround systems for the generation of isolated wideband sound fields
employ uniformly-spaced array of loudspeakers in the horizontal plane. For these
systems, the evaluation of sound reproduction with height is important due to
listener’s variable heights. It was demonstrated in Section 4.3 that controlling
both the loudspeakers’ location and their complex weights using two-stage Lasso-
LS pressure matching optimization allows isolated sound reproduction within the
loudspeakers’ plane with limited number of loudspeakers. This section evaluates
the effectiveness of the proposed horizontal personal system described in Section
4.1 in generation of isolated sound fields at height zc from loudspeakers’ plane.
In this section, the loudspeaker weights are thus calculated in the frequency
domain using a two stage Lasso-LS pressure matching approach on the basis
of N control zones located in the same plane as the loudspeakers. The sound
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Figure 4.13: Diagram of reproduction of isolated sound fields with height in a
multizone system using an arc of loudspeakers.
reproduction performance is then evaluated for the generation of S, s = 1, ..., S
isolated wideband sound fields within N zones at heights between zero and one
meter from the loudspeakers’ plane using the single-stage LS and two-stage Lasso-
LS algorithms. Heights between zero and one meter are considering the height
difference between two adults, a child and an adult or between a person sitting
or standing in a personal sound zone.
4.5 Multizone Sound System with Height
Figure 4.13 illustrates a horizontal multizone sound system for the reproduction
of isolated sound fields with height. In this sound system, the reproduction
zones are of radius rz located at radius Rz from the origin and the nth zone’s
angle given by ψzn . All control zones are located within a circle of radius Rc
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surrounded by a semicircle array of L loudspeakers of radius r`. The effectiveness
of the proposed multizone horizontal sound system is evaluated within N zones
of radius rz located at (Rz, ψzn , zc) in cylindrical coordinates. Assuming a time
dependency ejωt, the pressure ps,q(rm, φm, zm) produced by the loudspeakers at a
given matching point m for the sth source at frequency fq is given by:
ps,q(rm, φm, zm) =
L∑
`=1
Ws,q(`)hq(m, `) (4.3)
where Ws,q(`) is the `th loudspeaker weight for the reproduction of the sth
source at frequency fq and hq(m, `) is the three dimensional Green’s function
which relates the pressure amplitude of the `th loudspeaker and the pressure at
the matching point m according to:
hq(m, `) =
e−jkq |~r`− ~rm|
|~r` − ~rm| (4.4)
where |~r` − ~rm| =
√
(x` − xm)2 + (y` − ym)2 + (z` − zm)2, kq = 2pifq/c is the
acoustic wave number and c the speed of sound propagation in air. ~r` = (r`, ϕ`, z`)
and ~rm = (rm, φm, zm) are respectively the vector positions of the loudspeak-
ers and matching points in cylindrical coordinates. The desired sound field
Ds,q(rm, φm, zm) of a virtual source s located at ~rs = (rs, θs, zs) to be reproduced
e.g. in the first zone is then given by:
Ds,q(rm, φm, zm) =
{
hq(m, s),m = 1, 2, ...,M
α.hq(m, s),m = M + 1, ..., NM
(4.5)
where hq(m, s) relates the pressure amplitude of the sth source and the pressure
at the matching point m, the first zone is covered by the first M matching points
and α is the sound field attenuation in inactive zones. The loudspeaker loca-
tions and weights, Ws,q(`) are estimated in the frequency domain using two stage
Lasso-LS pressure matching approach on the basis of N control zones located
in the same plane as loudspeakers. The multizone wideband sound reproduc-
tion performance, is then evaluated within N non-optimized zones at height zc
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from the loudspeakers’ plane using the single-stage LS and two-stage Lasso-LS
algorithms.
4.6 Reproduction Error within the Zones at Height
zc from Loudspeakers’ Plane
To compare the error performance of different methods at height zc from loud-
speakers’ plane, a reproduction mean error (ME), Es, q, generated by every source
s at frequency fq in each zone is calculated as:
Es,q =
1
A
∫∫
A
|Ds,q(r, φ, z = 0)− ps,q(r, φ, z = zc)| dA (4.6)
where A is the area of each zone and Ds,q(r, φ, z = 0) and ps,q(r, φ, z = zc),
0 ≤ r ≤ Rc, 0 ≤ φ ≤ 2pi, are respectively the desired soundfield in the area A at
loudspeakers’ plane and the reproduced soundfields in the area A at height zc for
the sth source at frequency fq.
4.7 Wideband Sound Field Generation in Two
Isolated Zones at Height zc from Loudspeak-
ers’ Plane.
4.7.1 Example 1: Sources Located at θ1 = −15◦ and θ2 =
15◦
The loudspeaker weights are calculated using the pressure matching approach
to generate S = 2 isolated wideband sound fields within N = 2 zones located
in the same plane as virtual sources and loudspeakers. The sound reproduction
performance is then evaluated in N = 2 zones at heights zc = 0 − 1m from the
loudspeakers’ plane using the single-stage LS and two-stage Lasso-LS algorithms.
The number of matching points used in each zone of radius rz = 0.3m is Mz = 111
and zones are located at Rz = 1.7m from the origin with zone angles being
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Figure 4.14: Sound field visualization using (a) single-stage LS at loudspeakers’
plane, (b) two-stage Lasso-LS at loudspeakers’ plane. Two wideband sources
are located at θ1 = −15◦ and θ2 = 15◦. (Single frequencies of f1 = 300Hz and
f2 = 2.5kHz are shown for clarity). In both methods the number of loudspeakers
is identical, i.e. L = La = 90.
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Figure 4.15: Sound field visualization using (a) single-stage LS at height zc = 1m
from loudspeakers’ plane and (b) two-stage Lasso-LS at height zc = 1m from
loudspeakers’ plane. Two wideband sources are located at θ1 = −15◦ and θ2 =
15◦. (Single frequencies of f1 = 300Hz and f2 = 2.5kHz are shown for clarity).
In both methods the number of loudspeakers is identical, i.e. L = La = 90.
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Table 4.3: The mean error (ME) of figure 4.14. Two wideband sources are located
at loudspeakers’ plane at θ1 = −15◦ and θ2 = 15◦. The ME is calculated for single
frequencies of f1 = 300Hz from source 1 and f2 = 2.5kHz from source 2. The
number of active loudspeakers in both methods is identical i.e. L = La = 90.
Virtual Source Area 
ME(dB) Speakers 
Power LS Lasso-LS 
Source1 
Hzf 3001  
zone1 -19 -26 
0.035 
zone2 -24 -25 
Source2 
kHzf 5.22   
zone1 -27 -51 
0.06 
zone2 -9 -46 
ψz1 = −45◦ and ψz2 = 45◦. The loudspeakers and sources radii are considered
to be rs = r` = 5m. The center band frequencies of one-third octave bands from
100Hz to 16kHz were used in the first stage Lasso algorithm as the representatives
for every frequency band to select the loudspeaker locations relative to that band.
Thus, for the frequency range, 100Hz to 16kHz where the human ear is the most
sensitive, SQ = 46 sets of active loudspeakers out of Lc = 580 candidate positions
are to be selected (corresponding to Q = 23 constituent frequencies of S = 2
wideband sources).
In the first example where S = 2 sources are located at θ1 = −15◦ and
θ2 = 15
◦, the unified 46 sets of loudspeakers selected in the first stage Lasso algo-
rithm give a total of La = 90 active loudspeakers. For a fair comparison between
the single-stage LS and two-stage Lasso-LS algorithm in terms of wideband sound
reproduction, the same number of active loudspeakers selected in the Lasso-LS
algorithm was employed in the LS method (L = 90) at a comparable total loud-
speaker weight power. The loudspeaker locations for the single-stage LS and the
two-stage Lasso-LS techniques for this example are similar to the loudspeaker lo-
cations illustrated in Figure 3.21. Figure 4.14 shows for clarity the generation of
a selected low frequency from source 1 (f1 = 300Hz) and a higher frequency from
source 2 (f2 = 2.5kHz) within control zones on the loudspeakers’ plane. Table
4.3 demonstrates that for example 1, the flexibility of the Lasso-LS algorithm
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Table 4.4: The mean error (ME) of figure 4.15. Two wideband sources are located
at height zc = 1m from loudspeakers’ plane at θ1 = −15◦ and θ2 = 15◦. The ME
is calculated for single frequencies of f1 = 300Hz from source 1 and f2 = 2.5kHz
from source 2. The number of active loudspeakers in both methods is identical
i.e. L = La = 90.
Virtual Source Area 
ME(dB) Speakers 
Power LS Lasso-LS 
Source1 
Hzf 3001  
zone1 -7 -7 
0.035 
zone2 -24 -25 
Source2 
kHzf 5.22   
zone1 -26 -36 
0.06 
zone2 -8 -12 
in locating a limited number of loudspeakers (e.g. La = 90) at the LS-optimal
positions can result in up to 7dB and 37dB improvement over a single-stage LS
approach in the reproduction of frequencies f1 and f2, respectively, within the
control zones on the loudspeakers’ plane. Figure 4.15 illustrates the generation of
frequencies f1 and f2 within the zones at a height of zc = 1m from the loudspeak-
ers’ plane. Table 4.4 demonstrates that for example 1, the ME generated using
the Lasso-LS is also up to 1dB and 10dB less than the LS ME in the reproduction
of frequencies f1 and f2, respectively, within the zones at a height of zc = 1m
from the loudspeakers’ plane.
4.7.1.1 The MSE versus Height, Sources Located at θ1 = −15◦ and
θ2 = 15
◦
Figure 4.16 illustrates that the Lasso-LS ME for the reproduction of a low fre-
quency f1 = 500Hz (Figure 4.16(a)) and high frequency f2 = 5kHz (Figure
4.16(b)) within the control zones on the loudspeakers’ plane is up to 20dB and
24dB less than the LS error. The superior performance of Lasso-LS over LS in
the active zone (zone 1) reduces with increasing height and becomes compara-
ble at zc = 0.5m and zc = 0.25m respectively for the frequencies f1 = 500Hz
and f2 = 5kHz. However, the Lasso-LS approach remains up to 10dB and 12dB
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Figure 4.16: (a) The mean error vs height at low frequency f1 = 500Hz and (b)
the mean error vs height at high frequency f2 = 5kHz for source 1 at θ1 = −15◦
with zone 1 as the target zone for this source and zone 2 as the corresponding
silent zone. In the Lasso-LS algorithm, the loudspeaker locations at horizontal
plane are selected considering two wideband sources located at θ1 = −15◦ and
θ2 = 15
◦. The number of active loudspeakers in both methods is identical i.e.
L = La = 90.
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more successful than the LS in sound suppression of frequencies f1 = 500Hz
and f2 = 5kHz respectively within the silent zone (zone 2) at heights between
zc = 0 − 1.5m from the loudspeakers’ plane. This result is important as it con-
firms that the Lasso-LS algorithm allows reproduction of soundfields in multiple
zones which are isolated in both loudspeakers’ plane and off the plane. This is
because the Lasso-LS algorithm could locate a limited number of loudspeakers
(e.g. La = 90) at the LS-optimal positions to focus sound to the desired zones.
4.7.1.2 The Mean Error vs Frequency, Sources Located at θ1 = −15◦
and θ2 = 15
◦
Figure 4.17 illustrates the ME of Lasso-LS and LS approaches within control
zones across frequencies from 100 Hz to 16 kHz. Figure 4.17(a) illustrates that
the ME within the control zones on the loudspeakers’ plane is up to 37 dB less
than the ME of LS approach at f = 3.4kHz at a comparable total loudspeaker
weight power of p=0.08. However, in this figure, the performance of two methods
is competitive at frequencies lower than 500Hz. Figure 4.17(b) demonstrates that
at a height of zc = 1m although the two methods are becoming competitive in
terms of sound reproduction within the active zone, the LassoLS is up to 24dB
more successful than the LS in suppression of sound in the silent zone. This is
due to the flexibility of the Lasso-LS algorithm in locating a limited number of
loudspeakers at LS-optimal locations to suppress sound within the silent zone on
the loudspeakers’ plane directly and suppress its leakage to the non-optimized
area at height zc = 0 − 1m indirectly. Figure 4.18 shows the total loudspeaker
weight power resulting from the LS and Lasso-LS techniques across frequency.
As can be seen, in this figure the total loudspeaker weight power is comparable
for the mentioned techniques.
4.7.2 Example 2: Sources Located at θ1 = −30◦ and θ2 =
30◦
In the second example where S = 2 sources are located at θ1 = −30◦ and θ2 = 30◦,
the unified 46 sets of loudspeakers selected in the first stage Lasso algorithm
give a total of La = 92 active loudspeakers. For a fair comparison between the
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Figure 4.17: (a) The mean error vs frequency within control zones at loudspeak-
ers’ plane (b) the mean error vs frequency within control zones at height zc = 1m
from loudspeakers’ plane for source 1 at θ1 = −15◦ with zone 1 as the target
zone for this source and zone2 as the corresponding silent zone. In the Lasso-LS
algorithm, the loudspeaker locations at horizontal plane are selected considering
two wideband sources located at θ1 = −15◦ and θ2 = 15◦. The number of active
loudspeakers in both methods is identical i.e. L = La = 90.
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Figure 4.18: Total loudspeaker weight power vs frequency for source 1 at θ1 =
−15◦ with zone 1 as the target zone for this source and zone 2 as the corresponding
silent zone. In the Lasso-LS algorithm, the loudspeaker locations at horizontal
plane are selected considering two wideband sources located at θ1 = −15◦ and
θ2 = 15
◦. The number of active loudspeakers in both methods is identical i.e.
L = La = 90.
single-stage LS and two-stage Lasso-LS algorithm in terms of wideband sound
reproduction, the same number of active loudspeakers selected in the Lasso-LS
algorithm was employed in the LS method (L = 92) at a comparable total loud-
speaker weight power. The loudspeaker locations for the single-stage LS and
the two-stage Lasso-LS techniques for this example are demonstrated in Figures
4.19(a) and 4.19(b) respectively. Figure 4.20 shows for clarity the generation of a
selected low frequency from source 1 (f1 = 300Hz) and a higher frequency from
source 2 (f2 = 2.5kHz) within control zones on the loudspeakers’ plane.
Table 4.5 demonstrates that for example 2, similarly to the first example, the
flexibility of the Lasso-LS algorithm in locating a limited number of loudspeakers
(e.g. La = 92) at the LS-optimal positions can result in up to 7dB and 33dB
improvement over a single-stage LS approach in the reproduction of frequencies f1
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Figure 4.19: Loudspeaker locations for (a) single-stage LS and (b) two-stage
Lasso-LS, sources located at θ1 = −30◦ and θ2 = 30◦, the number of loudspeakers
used in the reproduction of two wideband sources is L = La = 92.
and f2, respectively, within the control zones on the loudspeakers’ plane. Figure
4.21 illustrates the generation of frequencies f1 and f2 within the zones at a
height of zc = 1m from the loudspeakers’ plane. Table 4.6 demonstrates that
for example 2, the performance of the two approaches becomes comparable in
the reproduction of a selected low frequency f1 within the zones at a height of
zc = 1m from the loudspeakers’ plane. However, the performance of Lasso-LS
technique is still up to 9 dB better than the LS approach for the reproduction
of a higher frequency f2 within the zones at zc = 1m. These results confirm the
superior performance of the Lasso-LS approach over single-stage LS for example
2 both at loudspeakers’ plane and at a height of zc = 1m from the loudspeakers’
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Figure 4.20: Sound field visualization using (a) single-stage LS at loudspeakers’
plane, (b) two-stage Lasso-LS at loudspeakers’ plane. Two wideband sources
are located at θ1 = −30◦ and θ2 = 30◦. (Single frequencies of f1 = 300Hz and
f2 = 2.5kHz are shown for clarity). In both methods the number of loudspeakers
is identical, i.e. L = La = 92.
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Figure 4.21: Sound field visualization using (a) single-stage LS at height zc = 1m
from loudspeakers’ plane and (b) two-stage Lasso-LS at height zc = 1m from
loudspeakers’ plane. Two wideband sources are located at θ1 = −30◦ and θ2 =
30◦. (Single frequencies of f1 = 300Hz and f2 = 2.5kHz are shown for clarity).
In both methods the number of loudspeakers is identical, i.e. L = La = 92.
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Table 4.5: The mean error (ME) of figure 4.20. Two wideband sources are located
at loudspeakers’ plane at θ1 = −30◦ and θ2 = 30◦. The ME is calculated for single
frequencies of f1 = 300Hz from source 1 and f2 = 2.5kHz from source 2. The
number of active loudspeakers in both methods is identical i.e. L = La = 92.
Virtual Source Area 
ME(dB) Speakers 
Power LS Lasso-LS 
Source1 
Hzf 3001  
zone1 -18 -25 
0.035 
zone2 -24 -24 
Source2 
kHzf 5.22   
zone1 -26 -46 
0.06 
zone2 -9 -42 
plane.
4.7.2.1 The MSE versus Height, Sources Located at θ1 = −30◦ and
θ2 = 30
◦
Figure 4.22 illustrates that the Lasso-LS ME for the reproduction of a low fre-
quency f1 = 800Hz (Figure 4.22(a)) and high frequency f2 = 10kHz (Figure
4.22(b)) within the control zones on the loudspeakers’ plane is up to 17dB and
21dB less than the LS error. The superior performance of Lasso-LS over LS in
the active zone (zone 1) reduces with increasing height and becomes compara-
ble at zc = 0.45m and zc = 0.15m respectively for the frequencies f1 = 800Hz
and f2 = 10kHz. However, the Lasso-LS approach remains up to 6dB and 21dB
more successful than the LS in sound suppression of frequencies f1 = 800Hz
and f2 = 10kHz respectively within the silent zone (zone 2) at heights between
zc = 0 − 1.5m from the loudspeakers’ plane. These results ,similarly to the re-
sults from example 1, confirm that the Lasso-LS algorithm allows reproduction of
soundfields in multiple zones which are isolated in both loudspeakers’ plane and
off the plane. This is due to the flexibility of the Lasso-LS algorithm in locating
a limited number of loudspeakers (e.g. La = 92) at the LS-optimal positions to
focus sound to the desired zones.
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Table 4.6: The mean error (ME) of figure 4.21. Two wideband sources are located
at height zc = 1m from loudspeakers’ plane at θ1 = −30◦ and θ2 = 30◦. The ME
is calculated for single frequencies of f1 = 300Hz from source 1 and f2 = 2.5kHz
from source 2. The number of active loudspeakers in both methods is identical
i.e. L = La = 92.
Virtual Source Area 
ME(dB) Speakers 
Power LS Lasso-LS 
Source1 
Hzf 3001  
zone1 -7 -7 
0.035 
zone2 -24 -24 
Source2 
kHzf 5.22   
zone1 -26 -35 
0.06 
zone2 -8 -11 
4.7.2.2 The Mean Error vs Frequency, Sources Located at θ1 = −30◦
and θ2 = 30
◦
Figure 4.23 illustrates the ME of Lasso-LS and LS approaches within control
zones across frequencies from 100 Hz to 16 kHz. Figure 4.23(a) illustrates that
the ME within the control zones on the loudspeakers’ plane is up to 21 dB less
than the ME of LS approach at f = 4kHz at a comparable total speaker weight
power. However, in this figure, the performance of two methods is competitive
at frequencies lower than 500Hz. Figure 4.23(b) demonstrates that at a height
of zc = 1m although the two methods are becoming competitive in terms of
sound reproduction within the active zone, the LassoLS is up to 25dB more
successful than the LS approach in suppression of sound in the silent zone. This
is due to the flexibility of the Lasso-LS algorithm in locating a limited number
of loudspeakers at LS-optimal locations to suppress sound within the silent zone
on the loudspeakers’ plane directly and suppress its leakage to the non-optimized
area at height zc = 0 − 1m indirectly. Figure 4.24 shows the total loudspeaker
weight power resulting from the LS and Lasso-LS techniques across frequency.
As can be seen, in this figure the total loudspeaker weight power is comparable
for the mentioned techniques.
In this section the performance of the proposed Lasso-LS algorithm was inves-
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Figure 4.22: (a) The mean error vs height at low frequency f1 = 800Hz and (b)
the mean error vs height at high frequency f2 = 10kHz for source 1 at θ1 = −30◦
with zone 1 as the target zone for this source and zone 2 as the corresponding
silent zone. In the Lasso-LS algorithm, the loudspeaker locations at horizontal
plane are selected considering two wideband sources located at θ1 = −30◦ and
θ2 = 30
◦. The number of active loudspeakers in both methods is identical i.e.
L = La = 92.
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Figure 4.23: (a) The mean error vs frequency within control zones at loudspeak-
ers’ plane (b) the mean error vs frequency within control zones at height zc = 1m
from loudspeakers’ plane for source 1 at θ1 = −30◦ with zone 1 as the target
zone for this source and zone 2 as the corresponding silent zone. In the Lasso-LS
algorithm, the loudspeaker locations at horizontal plane are selected considering
two wideband sources located at θ1 = −30◦ and θ2 = 30◦. The number of active
loudspeakers in both methods is identical i.e. L = La = 92.
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Figure 4.24: Total loudspeaker weight power vs frequency for source 1 at θ1 =
−30◦ with zone 1 as the target zone for this source and zone 2 as the corresponding
silent zone. In the Lasso-LS algorithm, the loudspeaker locations at horizontal
plane are selected considering two wideband sources located at θ1 = −30◦ and
θ2 = 30
◦. The number of active loudspeakers in both methods is identical i.e.
L = La = 92.
tigated in comparison to a single-stage LS in multizone soundfield reproduction
for listeners of variable heights. For the performance assessment, different aspects
such as virtual source angles, total loudspeaker weight power and frequency were
considered. The sound reproduction performance of Lasso-LS and single-stage LS
were evaluated for two different scenarios where the virtual sources are close to
each other or located further apart for the generation of S = 2 isolated wideband
sound fields within zones at heights between zero and one meter from the loud-
speakers’ plane. The results show that locating the loudspeakers on a horizontal
plane at the LS-optimal locations in both mentioned scenarios improve the per-
formance of the multizone system both on the loudspeakers’ plane and at heights
between zero and one meter from the loudspeakers’ plane using a limited number
of loudspeakers. It is also shown that in both scenarios the Lasso-LS approach is
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more successful than single-stage LS across frequency in isolated sound generation
within two zones both on the loudspeakers’ Plane and at a height of one meter
from the loudspeakers’ plane. This is because the Lasso-LS algorithm locates a
limited number of loudspeakers at LS-optimal locations to suppress sound within
the silent zone on the loudspeakers’ plane directly and suppress its leakage to the
non-optimized area at height zc = 0− 1m indirectly.
4.8 Summary and Contribution
The aim of this chapter was to generate isolated wideband soundfields in mul-
tiple listening spaces while minimizing the number of loudspeakers required. A
semicircular non-uniformly spaced array was employed in this chapter with its
loudspeakers’ locations and weightings calculated on the bases of a new, two-stage
Lasso-LS optimization. The Lasso-LS algorithm exploits the selectivity of Lasso
in the first stage to select the loudspeakers’ positions for all sources and frequency
bands. A second stage then optimizes reproduction using all selected loudspeak-
ers on the basis of a regularized least-squares (LS) algorithm. The proposed
Lasso-LS approach maximizes the performance of a restricted set of loudspeakers
reproducing fixed, wideband virtual sources. The results show that using the
proposed two-stage Lasso-LS optimization for wideband sound reproduction can
result in up to 69dB improvement in MSE within control zones over a single-stage
LS optimization. In addition, the performance of the Lasso-LS approach over a
single-stage LS algorithm is accentuated at higher frequencies, with performance
gains of over 20dB in experiments. Furthermore, the work shows that limited arcs
of e.g. 84 loudspeakers can be used to successfully create a multi-zone system for
multiple users (effectively, personal audio spaces).
Finally, the effectiveness of the personal sound system for listeners at different
heights using Lasso-LS algorithm was investigated in this chapter in comparison
to a single-stage LS. The results show that locating the loudspeakers on a hor-
izontal plane at the LS-optimal locations not only improves the performance
of the multizone system by up to 37dB over a single-stage LS optimization on
the loudspeakers’ plane but also can give up to 24dB in sound suppression at
heights between zero and one meter from the loudspeakers’ plane using e.g. 90
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loudspeakers. This makes the technique appropriate for realistic soundfield in-
stallations while the addition of more loudspeakers away from the loudspeaker
plane is not required.
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Chapter 5
A Harmonic Nested Lasso-LS
Approach for Multizone
Wideband Sound Field
Reproduction
This chapter presents an approach for multizone wideband sound field generation
using linear harmonic nested arrays as a starting point for a two-stage Lasso-LS
optimization. The major difficulty of the Lasso-LS approach is the computational
complexity resulting from selection of LS-optimal loudspeaker locations from a
large set of regularly-spaced candidates using the convex `1 norm in the Lasso
algorithm. To facilitate the loudspeaker location search, this chapter proposes
the selection of loudspeakers from subsets of candidate positions corresponding
to different frequency bands. These subarrays, each of which is designed for a
single octave, are physically superimposed and referred to as harmonic nested ar-
rays. Effectively, the arrays provide a priori knowledge of prospective loudspeaker
locations based on the frequency bands of interest to reduce the computational
complexity. The final loudspeaker locations and weightings are then estimated
during the two-stage Lasso-LS optimization.
In this chapter, first the sound reproduction using linear arrays is discussed
and the effects of array parameters on the output response is investigated. Then,
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the problem of the generation of multizone soundfield using linear arrays formu-
lated with demonstration of multizone system geometry. The two stage Lasso-LS
algorithm proposed in Chapter 4 is then extended in this chapter to a nested
Lasso-LS algorithm to facilitate the loudspeaker location search in the first stage
Lasso. The performance of the new, nested Lasso-LS approach using a limited
number of loudspeakers is then investigated for different reproduction angles, fre-
quency range and variable total loudspeaker weight powers within the control
zones. The robustness of the proposed nested Lasso-LS technique is examined
across a wide frequency range in comparison to the single stage LS and Lasso-LS
approaches.
5.1 Soundfield Reproduction using Linear Loud-
speaker Arrays
In previous chapters, the active control of sound fields was investigated using cir-
cular, semicircular and arcs of loudspeaker arrays. In this chapter, linear arrays
[127], [128], [129], [130], [131] are employed for sound field reproduction due to
their simple installation in audio rendering systems. For instance, linear arrays
could be easily installed on wall or ceiling for sound reproduction in room or could
be attached to a monitor display, mobile device and etc. For the reproduction of
the sound field of a virtual source which is demonstrated in Figure 5.1, a linear
array of L loudspeakers is employed with its center located at the same angle
as the virtual source. The linear array is considered perpendicular to the line
between the virtual source and the center of reproduction circle. In other words,
the virtual source and the centre of reproduction circle are both considered for
simplicity to be located on the broadside axes of the loudspeaker linear array.
The first concern here is to examine the effects of array parameters on the array
directivity and response structure. The directivity of the loudspeaker array de-
pends on the relationship of the main beam to the sidelobes. Also, the variation
of the loudspeaker array beamwidth related to its array geometry and the out-
put frequency. The array geometry parameters which affects the array response
includes the number of loudspeakers, interelement spacing, the distance from lis-
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Figure 5.1: Illustration of linear loudspeaker array construction and location
based on the primary virtual source position.
tening area and a number of other factors. In addition to array structure, the
array output pattern also depends on the individual array element pattern. All
array elements are considered here to be point sources to ease the calculations.
However, the response for spatial distributed elements may also be calculated
from a spatial convolution of the point expression with an elemental aperture
function.
The interelement spacing is one of the linear array construction parameters
which determines the array output pattern. The linear array interelement spac-
ing, d, must be less than or equal to half of the wavelength at the highest fre-
quency, λ, if aliasing is to be avoided.
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d ≤ λ
2
(5.1)
The upper bound of half a wavelength spacing corresponds to endfire beam-
forming. While the spacing between loudspeakers should be small enough to
avoid aliasing, it is also required to be large enough to maintain the desired di-
rectionality for the reproduction of low frequencies. This problem will be referred
later in Chapter 5.4 with a possible solution of harmonic nesting approach. For a
loudspeaker array with interelement spacing of half a wavelength, the transition
from near field to far field occurs at a distance rf from the array on the broadside
axes according to [132]
rf =
D2
8λ
(5.2)
where D is the full array length.
The directivity of the loudspeaker array depends on the relationship of the
main beam to the sidelobes. To examine the linear array directivity, the effects of
array parameters on the response structure is considered in [133]. The variation
of the loudspeaker array beamwidth is also related to its array geometry and the
output frequency. To limit the spatial variance of loudspeaker radiation, it is
desired to minimize the beamwidth variation over a wide frequency range. The
inter-null beamwidth is proportional to [134]
θBW = 2 arcsin(
2pi
Lkd
) ≈ 4pi
Lkd
(5.3)
where L is the number of loudspeakers, d is sensor spacing and k = ω/c is
the wavenumber. This equation is derived from the uniform case and implies
that for constant main lobe width across frequency and using fixed number of
loudspeakers, the inter element spacing is inversely proportional to frequency.
The denominator in equation (5.3), Lkd, is referred as the effective array length.
This expression implies that a change in array length is effectively analogous to a
change in frequency. It will be discussed in Section 5.3 that a wideband constant
beamwidth can be achieved by utilizing harmonic nested arrays.
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Figure 5.2: Diagram of multizone sound field generation using a linear array of
loudspeakers.
5.2 Multizone Wideband Soundfield Generation
5.2.1 Multizone System Geometry
In this section, the main assumption and the general framework of the multi-
zone soundfield reproduction problem using linear arrays are formulated with a
demonstration of the sound system geometry. To investigate the performance
of a 2.5 dimensional multizone system, it is assumed here that: the sound field
propagates under free field conditions, virtual sources and loudspeakers are con-
sidered to be point sources, and that all zones, virtual sources and loudspeakers
are located in the same plane. In the following analysis the aim is to generate S
isolated soundfields (s = 1, ..., S) for wideband sources (with constituent frequen-
cies fq, q = 1, ..., Q) in N zones. Figure 5.2 illustrates the task scenario with the
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reproduction zones located at radius Rz from the origin and the nth zone’s angle
given by ψzn . The task is to generate a desired field for every source in one corre-
sponding active zone and to suppress it effectively in the other N−1 zones (silent
zones). To achieve this, for every source angle a linear array of L loudspeakers
is employed with its center located at the same angle as the virtual source. The
linear array is perpendicular to the line between the virtual source and the center
of reproduction circle and the `th loudspeaker is located at radius r` and angle
φ`. All zones are located within the reproduction circle of radius Rc and each
zone is of radius rz with a covering of M matching points distributed uniformly
over a Euclidean grid. The radius and angle of the sth source are given by rs
and θs, respectively. For each frequency bin, fq, a pressure matching approach
is performed in the frequency domain to control the sound pressure at the MN
matching points within the control zones as explained in Section 3.2. In Chapters
3 and 4, the loudspeakers weights, Ws,q(`) were calculated respectively using the
single-stage LS and two-stage Lasso-LS algorithms. In this chapter, it is pro-
posed to estimate the loudspeaker locations and weights using a low complexity
nested Lasso-LS algorithm. In the following sections, first wideband soundfield
reproduction using harmonic nested arrays is investigated and then the nested
Lasso-LS algorithm is developed for a high performance multizone sound system.
5.3 Wideband Sound Field Reproduction using
Harmonic Nested Arrays
In this section, the use of nested arrays as candidate positions in the first stage
Lasso is proposed as a mechanism to reduce the algorithm complexity through
facilitation of the loudspeaker location search. Spatial sampling of the continuous
secondary source distribution may cause spatial aliasing artifacts to be present
in the reproduced sound field [47]. To limit these artifacts in sound reproduction
using linear arrays, the candidate loudspeaker spacing is required to be less than
half the minimum wavelength of the signal of interest. Hence, the number of
loudspeakers, LM , required to fulfill this condition in a uniformly spaced linear
array of a certain length increases with frequency [133]. In addition, selection of
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Figure 5.3: Harmonic nested arrays implemented as candidate positions.
loudspeaker locations using Lasso requires searches over all subsets of columns
of the Green’s function matrix, Hq as discussed in Section 3.2. Thus, a large
number of candidates in a uniformly-spaced linear array cause computational
complexity due to the resulting large size of the Green’s function matrix. To
limit the number of candidate positions, a nested set of subarrays is proposed
for different frequency bands as demonstrated in Figure 5.3. These subarrays
each of which is designed for a single octave are physically superimposed and
referred to as harmonic nested arrays. The harmonic nesting approach reduces
the extent of sound reproduction performance variation to that occurring within
a single octave. Thus, the harmonic nested arrays are the sensible candidate set
of loudspeakers for selection of the LS-optimal positions in the Lasso algorithm.
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In the harmonic nested approach of Figure 5.3, the higher frequency octaves
are processed by progressively smaller arrays and some elements are shared be-
tween multiple subarrays. While the minimum interelement spacing, d is selected
based on the highest frequency (e.g. fQ = 16k), the subarray corresponding to
the highest octave, fQ/2 < fq < fQ which comprises of Lc elements is spaced at
∆ = d = λQ/2. The interelement spacing, in the second subarray corresponding
to octave, fQ/4 < fq < fQ/2 is ∆ = 2d = λQ and in the third subarray cor-
responding to octave, fQ/8 < fq < fQ/4 is ∆ = 4d = 2λQ, and so forth. The
total number of candidate positions in a nested array comprising of B subarrays
is then given by:
LT = Lc + (B − 1)Lc+12 , Lcodd
and
LT = Lc + (B − 1)Lc2 , Lceven
(5.4)
The harmonic nested arrays are used in the following section as candidate posi-
tions in the first stage Lasso algorithm.
5.4 Nested Lasso-LS Algorithm for Multizone
Wideband Soundfield Generation
In this section a nested Lasso-LS algorithm (Figure 5.4) is proposed for multizone
wideband sound field reproduction with an underlying assumption of fixed virtual
sources. A first-stage Lasso optimization was employed to select loudspeaker
locations from Lc potential positions in the nested subarray corresponding to
frequency, fq. In this stage, the LS-optimal loudspeaker locations for the limited
number of loudspeakers must be selected across all frequency bands for maximum
pressure matching at the microphones. It is shown in Section 3.8 that Lasso
optimization guarantees the unique global minimum solution for the problem at
hand using `1-penalization. A second stage regularized LS estimation was then
employed for weighting optimization as it is theoretically guaranteed to result in
the lowest MSE for the selected set of loudspeakers. Figure 5.4 illustrates that,
in the first stage, Lb active loudspeakers are selected on the basis of the location
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of all S wideband sources. In the second stage the same non-uniformly spaced
linear array of Lb active loudspeakers is then utilized for every source sound field
reproduction.
5.4.1 First Stage Lasso using Harmonic Nested Arrays
In the first stage of the algorithm, a nested set of subarrays is employed as the
candidate positions for different frequency bands (as explained in previous sec-
tion). In this stage, SQ Lasso problems are solved to compute the loudspeaker
weights Ws,q(`), ` = 1, ..., Lc to generate the selected frequencies fq, q = 1, ..., Q
of the wideband source s, s = 1, ..., S. It is proposed here to employ the center
band frequencies of one-third octave bands from 100Hz to 16kHz to select ac-
tive loudspeakers in the first stage Lasso algorithm. However, the center band
frequencies of one octave bands may be employed while further reduction in the
number of active loudspeakers is of interest. Every Lasso problem selects Ls,q
active loudspeakers from the corresponding candidate subarray. The larger the
first-stage Lasso penalty parameter, λ1, is made, the lower the number of loud-
speakers selected [22]. The loudspeaker weights matrix W is a LM by SQ sparse
matrix where its columns are then given by:
Ws,q = [As,q |Ws,q(1)| A′s,q ... |Ws,q(`)| A′s,q ... |Ws,q(Lc)| As,q]T (5.5)
where superscript T denotes the vector transpose and As,q and A
′
s,q are row
vectors of all zeros. The number of zeros in the vector A′s,q is (∆/d)− 1 while in
the vector As,q is
(LM − 1)− (∆/d)(Lc − 1)
2
(5.6)
The total loudspeaker weights vector WΣ is then calculated from the summation
of the columns of the matrix W according to:
WΣ =
S∑
s=1
Q∑
q=1
Ws,q (5.7)
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The LM by 1 vector of total loudspeaker weights, WΣ, is the output of the first
stage algorithm.
5.4.2 Second Stage LS
In the second stage, the locations of the active loudspeakers are extracted on
the basis of the nonzero entries of WΣ. The number of those nonzero entries
in WΣ thus determines the number of active loudspeakers, Lb. In this stage,
the non-uniformly spaced linear array of Lb active loudspeakers is utilized for
sound reproduction of all constituent frequencies, fu, u = 1, ..., U of S wideband
sources using LS optimization. The number of LS problems to be solved for the
generation of S wideband audio signals is thus SU . The penalty parameter δ2
limits the power of the second-stage LS solution.
The following section investigates the performance of the nested Lasso-LS
optimization technique in a multizone system including two control zones. A
reproduction error defined in Section 3.4 will be used in Section 5.5 to compare
the error performance of the proposed nested Lasso-LS approach with the single-
stage LS and standard Lasso-LS techniques.
5.5 Wideband Sound Field Generation within
Two Isolated Zones using Nested Lasso-LS
Algorithm
The simulations in this section targeted generation of a wideband sound field
within an area, zone 1 and suppressing it effectively in zone 2. The source was
located at θs = 0
◦ with a source radius of rs = 4m. All control zones are located
at Rz = 1.5m from the origin within a reproduction circle of radius Rc = 2m.
The number of matching points in each zone of radius rz = 0.4m is Mz = 314.
A linear loudspeaker array of D = 4m length perpendicular to the x axis was
employed with its center located at radius r` = 4m and angle φ` = 0
◦. For the
silent zone, the target sound field attenuation of 60dB is chosen relative to the
active zone as the minimum audible pressure (MAP) based on the audiometric
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Figure 5.5: (a) Sound field visualization and loudspeaker locations and (b) the
computed loudspeaker weights using single-stage LS. The wideband source is
located at θ = 0◦ and the zones are located at ψz1 = 0
◦ and ψz2 = 90
◦ (single
frequency of f = 1kHz shown for clarity). The loudspeakers and source are
marked respectively by black crosses and a red circle. The number of loudspeakers
is L = 52.
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Figure 5.6: (a) Sound field visualization and loudspeaker locations and (b) the
computed loudspeaker weights using two-stage Lasso-LS. The wideband source
is located at θ = 0◦ and the zones are located at ψz1 = 0
◦ and ψz2 = 90
◦ (single
frequency of f = 1kHz shown for clarity). The loudspeakers and source are
marked respectively by black crosses and a red circle. The number of active
loudspeakers is La = 52.
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Figure 5.7: (a) Sound field visualization and loudspeaker locations and (b) the
computed loudspeaker weights using nested Lasso-LS. The wideband source is
located at θ = 0◦ and the zones are located at ψz1 = 0
◦ and ψz2 = 90
◦ (single
frequency of f = 1kHz shown for clarity). The loudspeakers and source are
marked respectively by black crosses and a red circle. The number of active
loudspeakers is Lb = 52.
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surveys is approximately -60dB [114]. In the nested Lasso-LS approach, the total
number of candidate positions was LT = 78 considering B = 5 nested subarrays
of Lc = 26 positions. The number of loudspeaker positions in every nested
subarray, Lc = 26, is selected in order to satisfy 5.1. For a fair comparison, a
uniformly-spaced array of LM = 401 candidates was used in Lasso-LS to cover
all the positions provided by nested arrays.
5.5.1 Example 1: Active and Silent Zones are not in Line
with the Wideband Source
Firstly, a scenario is investigated where a wideband source is located at θ = 0◦
and zones 1 (active zone) and zone 2 (silent zone) are located at ψz1 = 0
◦ and
ψz2 = 90
◦, respectively. Figures 5.5, 5.6 and 5.7 illustrate the resulting soundfield
and the loudspeaker locations and weights using respectively the single-stage
LS, Lasso-LS and nested Lasso-LS approaches for the reproduction of a selected
frequency f = 1kHz in this scenario. In Figure 5.5, the number of loudspeakers
were employed in a uniformly-spaced array in the LS sound field reproduction
approach is L = 52. In the Lasso stage of Lasso-LS and nested Lasso-LS, the same
number of active loudspeakers (La = 52 in Figure 5.6) and (Lb = 52 in Figure
5.7) as in the LS approach were selected using center band frequencies of one-
third octave bands from 500Hz to 16kHz. Figures 5.8, 5.9 and 5.10 illustrate the
squared error generated within the circle of radius Rc = 2m for the reproduction
of the soundfields in Figures 5.5, 5.6 and 5.7 respectively.
Table 5.1 lists the single-stage LS, Lasso-LS and nested Lasso-LS MSE within
the control zones and the NOA at comparable power. As can be seen in Table
5.1, the MSE generated in Figure 5.7 within the active zone (zone 1) using the
nested Lasso-LS approach is up to 12dB and 8dB less than the MSE generated
using the LS (Figure 5.5) and the Lasso-LS (Figure 5.6) techniques, respectively.
From this table, the MSE generated within the silent zone (zone 2) in Figure 5.7,
is also up to 3dB and 11dB less than the MSE generated using the LS (Figure
5.5) and the Lasso-LS (Figure 5.6) techniques, respectively. The reason for both
the standard Lasso-LS and nested Lasso-LS algorithms’ advantage over single-
stage LS in sound reproduction within the control zones is their capability to
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Figure 5.8: Reproduction squared error (dB) within the circle of radius Rc = 2m
using single-stage LS. The wideband source is located at θ = 0◦ and the zones
are located at ψz1 = 0
◦ and ψz2 = 90
◦. Squared error for the generation of single
frequencies f1 = 1000Hz shown for clarity. The number of loudspeakers is L = 52.
control both the loudspeaker locations and the complex weights for maximum
pressure matching at microphone positions. While, the reason for the nested
Lasso-LS approach’s superior performance over standard Lasso-LS is the selection
of loudspeakers for every frequency from an optimized set of candidate positions
using a smaller first-stage Lasso penalty parameter. Table 5.1 also shows that
a single-stage LS using a regularly-spaced array is up to 3dB more successful
than both the standard Lasso-LS and nested Lasso-LS approaches in terms of
limiting the error within the NOA. This is because the loudspeaker locations are
not selected in the Lasso-LS and nested Lasso-LS algorithms for the best desired
sound reproduction in the NOA and thus they are not located at the best spots
to generate minimum error in this area. Finally, the results in Table 5.1 show
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Figure 5.9: Reproduction squared error (dB) within the circle of radius Rc = 2m
using two-stage Lasso-LS. The wideband source is located at θ = 0◦ and the zones
are located at ψz1 = 0
◦ and ψz2 = 90
◦. Squared error for the generation of single
frequencies f1 = 1000Hz shown for clarity. The number of active loudspeakers is
La = 52.
that the nested Lasso-LS optimization could provide desired zones with up to
25dB less MSE than the NOA; while the MSE difference between the control
zones and the NOA of 10dB and 14dB may be achieved in this scenario using the
single-stage LS and Lasso-LS techniques respectively.
Figure 5.11 illustrates that the proposed nested Lasso-LS technique enables
multizone wideband sound generation with a MSE of under -35dB within the con-
trol zones across the targeted frequency range (500Hz-16kHz). In Figure 5.11(a),
the nested Lasso-LS performance improvement within the active zone over the
single-stage LS falls in the range of 1dB to 43dB and over the Lasso-LS falls in
the range of 8 dB to 13 dB. In addition, in Figure 5.11(b), the nested Lasso-LS
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Figure 5.10: Reproduction squared error (dB) within the circle of radius Rc = 2m
using nested Lasso-LS. The wideband source is located at θ = 0◦ and the zones
are located at ψz1 = 0
◦ and ψz2 = 90
◦. Squared error for the generation of single
frequencies f1 = 1000Hz shown for clarity. The number of active loudspeakers is
Lb = 52.
performance improvement within the silent zone over the single-stage LS falls
in the range of 1dB to 50dB and over the Lasso-LS falls in the range of 6 dB
to 15dB. In both Figures 5.11(a) and 5.11(b), the MSE of both the Lasso-LS
and the nested Lasso-LS decreases with frequency as the limited number of loud-
speakers selected for every frequency band leads to a higher performance sound
generation at higher frequencies. However, the MSE of the single-stage LS ap-
proach increases with frequency. This is due to the fact that for the LS approach
(which employs a regularly-spaced array) the aliasing error occurs when the wave-
length is smaller than twice the distance between the loudspeakers. Figure 5.12
shows the total loudspeaker weight power of the LS, the Lasso-LS and the nested
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Table 5.1: The mean error (ME) of figures 5.5, 5.6 and 5.7. The wideband source
is located at θ = 0◦ and the zones are located at ψz1 = 0
◦ and ψz2 = 90
◦. In all
methods, the number of active loudspeakers is identical i.e. L = La = Lb = 52.
Virtual Source Area 
MSE(dB) 
Speakers 
Power LS Lasso-LS 
Nested 
Lasso-LS 
Source 
Hzf 10001 
 
zone1 -27 -31 -39 
0.06 zone2 -36 -28 -39 
NOA -17 -14 -14 
Lasso-LS methods versus frequency. It can be seen in this figure that the to-
tal loudspeaker weight power of the three mentioned approaches is comparable
across frequency. Thus, a reasonable error performance assessment is provided to
compare different techniques. The results in this section confirm that the nested
Lasso-LS approach outperforms the single-stage LS and the Lasso-LS techniques
in multizone wideband soundfield reproduction while the zones are not in line
with the source.
5.5.2 Example 2: Active and Silent Zones are in Line with
the Wideband Source
It is shown in Section 3.5 that the predominant error in the multizone system
is generated by zonal occlusion effects where zones are in line with the source.
An occlusion effects scenario is investigated here where the wideband source is
located at θ = 0◦ and zones 1(active zone) and zone 2(silent zone) are located at
ψz1 = 0
◦ and ψz2 = 180
◦, respectively. Figures 5.13, 5.14 and 5.15 illustrate the
resulting soundfield and the loudspeaker locations and weights using respectively
the single-stage LS, two-stage Lasso-LS and nested Lasso-LS approaches for the
reproduction of a selected frequency f = 1kHz in this scenario. In the single-
stage LS case, L = 56 loudspeakers were employed in a uniformly-spaced array as
demonstrated in Figure 5.13. In the Lasso stage of Lasso-LS and nested Lasso-LS,
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Figure 5.11: (a) The MSE measured in the active zone vs frequency and (b) the
MSE measured in the silent zone vs frequency. The wideband source is located
at θ = 0◦ and zones are located at ψz1 = 0
◦ and ψz2 = 90
◦. The number of active
loudspeakers used for all methods is identical i.e. L = La = Lb = 52.
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Figure 5.12: Total loudspeaker weight power vs frequency. The wideband source
is located at θ = 0◦ and zones are located at ψz1 = 0
◦ and ψz2 = 90
◦. The number
of active loudspeakers used for all methods is identical i.e. L = La = Lb = 52.
the same number of active loudspeakers (La = 56 in Figures 5.14) and (Lb = 56
in Figure 5.15) as in the LS approach were selected using center band frequencies
of one-third octave bands from 500Hz to 16kHz. Figures 5.16, 5.17 and 5.18
illustrate the squared error generated within the circle of radius Rc = 2m for the
reproduction of the soundfields in Figures 5.13, 5.14 and 5.15 respectively.
Table 5.2 lists the single-stage LS, Lasso-LS and nested Lasso-LS MSE within
the control zones and the NOA at comparable power. As can be seen in Table 5.2,
the MSE generated in Figure 5.15 within the active zone (zone 1) using the nested
Lasso-LS approach is up to 7dB and 3dB less than the MSE generated using the
LS (Figure 5.13) and the Lasso-LS (Figure 5.14) techniques, respectively. From
this table, the MSE generated within the silent zone (zone 2) in Figure 5.15, is
also up to 5dB and 3dB less than the MSE generated using the LS (Figure 5.13)
and the Lasso-LS (Figure 5.14) techniques, respectively. Similarly to example
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Figure 5.13: (a) Sound field visualization and loudspeaker locations and (b) the
computed loudspeaker weights using single-stage LS. The wideband source is
located at θ = 0◦ and the zones are located at ψz1 = 0
◦ and ψz2 = 180
◦ (single
frequency of f = 1kHz shown for clarity). The loudspeakers and source are
marked respectively by black crosses and a red circle. The number of loudspeakers
is L = 56.
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Figure 5.14: (a) Sound field visualization and loudspeaker locations and (b) the
computed loudspeaker weights using two-stage Lasso-LS. The wideband source
is located at θ = 0◦ and the zones are located at ψz1 = 0
◦ and ψz2 = 180
◦
(single frequency of f = 1kHz shown for clarity). The loudspeakers and source
are marked respectively by black crosses and a red circle. The number of active
loudspeakers is La = 56.
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Figure 5.15: (a) Sound field visualization and loudspeaker locations and (b) the
computed loudspeaker weights using nested Lasso-LS. The wideband source is
located at θ = 0◦ and the zones are located at ψz1 = 0
◦ and ψz2 = 180
◦ (single
frequency of f = 1kHz shown for clarity). The loudspeakers and source are
marked respectively by black crosses and a red circle. The number of active
loudspeakers is Lb = 56.
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Table 5.2: The mean error (ME) of figures 5.13, 5.14 and 5.15. The wideband
source is located at θ = 0◦ and the zones are located at ψz1 = 0
◦ and ψz2 = 180
◦.
In all methods, the number of active loudspeakers is identical i.e. L = La = Lb =
56.
Virtual Source Area 
MSE(dB) 
Speakers 
Power LS Lasso-LS 
Nested 
Lasso-LS 
Source 
Hzf 10001 
 
zone1 -20 -24 -27 
0.06 zone2 -21 -23 -26 
NOA -17 -13 -13 
1, the reason for both the standard Lasso-LS and nested Lasso-LS algorithms’
advantage over single-stage LS in sound reproduction within the control zones is
their capability to control both the loudspeaker locations and the complex weights
for maximum pressure matching at microphone positions. Also, the reason for
the nested Lasso-LS approach superior performance over standard Lasso-LS is the
selection of loudspeakers for every frequency from an optimized set of candidate
positions using a smaller first-stage Lasso penalty parameter. Table 5.2 also shows
that a single-stage LS using a regularly-spaced array is up to 4dB more successful
than both the standard Lasso-LS and nested Lasso-LS approaches in terms of
limiting the error within the NOA. This is because the loudspeaker locations are
not selected in the Lasso-LS and nested Lasso-LS algorithms for the best desired
sound reproduction in the NOA and thus they are not located at the best spots to
generate minimum error in this area. Finally, the results in Table 5.2 show that
the nested Lasso-LS optimization could provide desired zones with up to 13dB
less MSE than the NOA; while the MSE difference between the control zones and
the NOA of 3dB and 10dB may be achieved in this scenario using the single-stage
LS and Lasso-LS techniques respectively. Table 5.2 in comparison to Table 5.1,
demonstrate up to 12dB lower MSE difference between control zones and the
NOA. This result shows that although the nested Lasso-LS approach reduces the
reproduction error within the control zones in this scenario, it cannot solve the
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Figure 5.16: Reproduction squared error (dB) within the circle of radius Rc = 2m
using single-stage LS. The wideband source is located at θ = 0◦ and the zones
are located at ψz1 = 0
◦ and ψz2 = 180
◦. Squared error for the generation of single
frequency f1 = 1000Hz shown for clarity. The number of loudspeakers is L = 56.
occlusion problem completely.
Figure 5.19 illustrates that the proposed nested Lasso-LS technique enables
multizone wideband sound generation with a MSE of under -23dB within the con-
trol zones across the targeted frequency range (500Hz-16kHz). In Figure 5.19(a),
the nested Lasso-LS performance improvement within the active zone over the
single-stage LS falls in the range of 7dB to 11dB and over the Lasso-LS falls in the
range of 2 dB to 3 dB. In addition, in Figure 5.19(b), the nested Lasso-LS per-
formance improvement within the silent zone over the single-stage LS falls in the
range of 2dB to 8dB and over the Lasso-LS falls in the range of 2 dB to 3dB. The
MSE of the single-stage LS, the Lasso-LS and the nested Lasso-LS increases with
frequency and respectively reach peaks of -12dB, -21dB and -23dB at f = 16kHz.
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Figure 5.17: Reproduction squared error (dB) within the circle of radius Rc = 2m
using two-stage Lasso-LS. The wideband source is located at θ = 0◦ and the zones
are located at ψz1 = 0
◦ and ψz2 = 180
◦. Squared error for the generation of single
frequency f1 = 1000Hz shown for clarity. The number of loudspeakers is La = 56.
The reason for the MSE rise with frequency in all three mentioned techniques
is that the occlusion effects become more severe at higher frequencies and the
limited number of loudspeakers selected for every frequency band are not enough
to effectively generate sound within the active zone and beam sound around the
silent zone. Figure 5.20 shows the comparable total loudspeaker weight power of
the LS, the Lasso-LS and the nested Lasso-LS methods versus frequency. Thus,
a reasonable error performance assessment is provided to compare different tech-
niques. The results in this section confirm that the nested Lasso-LS approach
outperforms the single-stage LS and the Lasso-LS techniques in multizone wide-
band soundfield reproduction while the zones are in line with the source.
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Figure 5.18: Reproduction squared error (dB) within the circle of radius Rc = 2m
using nested Lasso-LS. The wideband source is located at θ = 0◦ and the zones
are located at ψz1 = 0
◦ and ψz2 = 180
◦. Squared error for the generation of single
frequency f1 = 1000Hz shown for clarity. The number of loudspeakers is Lb = 56.
5.6 Summary and Contribution
This chapter proposed an approach for multizone wideband sound field genera-
tion through the use of the harmonic nested arrays in the Lasso-LS optimization.
In this approach, the harmonic nested arrays provide a priori knowledge of the
loudspeaker positions and facilitate the loudspeaker selection from smaller subar-
rays corresponding to different frequency bands. The loudspeaker locations and
weightings are then estimated during the two-stage Lasso-LS optimization. Two
different case scenarios were investigated in this chapter to compare the proposed
nested Lasso-LS algorithm with the existing single-stage LS and the Lasso-LS
approaches. The first example is the case scenario where the zones are not in line
142
5. A Harmonic Nested Lasso-LS Approach for Multizone Wideband
Sound Field Reproduction
(a) 
Frequency(Hz) 
M
S
E
(d
B
) 
10
3
10
4
-35
-30
-25
-20
-15
-10
 
 
LS
Lasso-LS
Nested Lasso-LS
(b) 
Frequency(Hz) 
M
S
E
(d
B
) 
10
3
10
4
-35
-30
-25
-20
-15
-10
 
 
LS
Lasso-LS
Nested Lasso-LS
Figure 5.19: (a) The MSE measured in the active zone vs frequency and (b) the
MSE measured in the silent zone vs frequency. The wideband source is located
at θ = 0◦ and zones are located at ψz1 = 0
◦ and ψz2 = 180
◦. The number of
active loudspeakers used for all methods is identical i.e. L = La = Lb = 56.
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Figure 5.20: Total loudspeaker weight power vs frequency. The wideband source
is located at θ = 0◦ and zones are located at ψz1 = 0
◦ and ψz2 = 180
◦. The number
of active loudspeakers used for all methods is identical i.e. L = La = Lb = 56.
with the source and the second example is an occlusion case scenario.
The results show that the standard Lasso-LS and nested Lasso-LS algorithms
both outperform the single-stage LS by up to 40dB and 50dB respectively in
sound reproduction within the control zones. This is due to the fact that the
two-stage algorithms not only optimize the loudspeaker weights but also control
their locations in order to achieve maximum pressure matching at microphone
positions. Also, it is shown that the nested Lasso-LS approach could improve the
performance of the multizone system by up to 15dB over a standard Lasso-LS.
The reason for this superior performance is the selection of loudspeakers for every
frequency from an optimized set of candidate positions using a smaller first-stage
Lasso penalty parameter.
The results also demonstrate that for the scenario where the control zones are
not in line with the source, the MSE of both the Lasso-LS and the nested Lasso-
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LS decreases with frequency. This is because the limited number of loudspeakers
selected for every frequency band leads to a higher performance sound generation
at higher frequencies. While in this scenario, the MSE of the single-stage LS ap-
proach increases with frequency. This is due to the fact that for the LS approach
(which employs a regularly-spaced array) the aliasing error occurs when the wave-
length is smaller than twice of the distance between the loudspeakers. On the
other hand, for the case scenario that the control zones are in line with the source,
and thus occlusion occurs, the MSE of the single-stage LS, the Lasso-LS and the
nested Lasso-LS increases with frequency and respectively reach peaks of -12dB,
-21dB and -23dB at f = 16kHz. The reason for the MSE rise with frequency in
all three mentioned techniques is that the occlusion effects becomes more severe
at higher frequencies and the limited number of loudspeakers selected for every
frequency band are not enough to effectively generate sound within active zone
and beam sound around the silent zone.
This work demonstrated that using linear arrays and nested Lasso-LS opti-
mization provides a practical design for realistic soundfield installations. Firstly,
using a linear array of loudspeakers for sound field reproduction facilitates the
audio rendering system installation. For instance, a linear array could be easily
installed on wall or ceiling for sound generation in room or could be attached
to a monitor display, mobile device and etc. Secondly, the work shows that an
array of limited number of loudspeakers (e.g. 52) can be used to effectively create
personal audio spaces for multiple users. Last but not least, nested arrays reduce
the computational complexity of two-stage Lasso-LS algorithm by using reduced
sets of candidate positions based on the frequency bands of interest.
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Chapter 6
Conclusions and Future Work
6.1 Conclusions
This thesis focused on multizone wideband sound field generation using an array
of loudspeakers. The main focus of this thesis was to reduce the loudspeaker
count through improved optimization to achieve a practically implementable high
performance multizone wideband sound system. The main assumption of the
proposed optimization techniques in this thesis was that the virtual sources and
sound reproduction zones are fixed in positions.
In Chapter 3, first the regularized LS approach was used for calculation of the
loudspeaker weights in pressure matching approach. The multizone system per-
formance was then investigated for different number of zones, frequency and angle
of incidents. The performance of multizone system for speech reproduction was
also investigated using the PESQ measure of speech quality. This performance
assessment identified that the approach is feasible for zones which do not suffer
occlusion effects from other zones. The results have also shown that the utter-
ances are affected differently dependent on their frequency spectrum. To select
the LS-optimal loudspeaker positions, the multizone system was then formulated
as a sparse linear regression problem and solved using the Lasso. Specifically, the
variable selection property of Lasso was exploited to advantageously select the
loudspeaker locations from a large set of candidates. In this chapter, the per-
formance of single-stage LS and single-stage Lasso methods was investigated for
the first time for wideband sound field reproduction. It has demonstrated that
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the LS technique outperforms Lasso in wideband sound field reproduction since
Lasso does not employ all selected loudspeakers to reproduce all frequencies and
sources.
Chapter 4, aimed to generate isolated wideband soundfields in multiple listen-
ing spaces while minimizing the number of loudspeakers required. For this aim,
a novel two-stage Lasso-LS optimization was developed with an underlying as-
sumption of fixed virtual sources. First stage exploited the selectivity of Lasso to
selects the loudspeakers’ positions for all sources and frequency bands. A regular-
ized least-squares (LS) algorithm is then employed in the second stage to compute
the excitation signals of the selected set of loudspeakers. It was shown that the
proposed Lasso-LS approach can maximise the performance of a restricted set
of loudspeakers reproducing fixed, wideband virtual sources. The work has also
shown that limited arcs of e.g. 84 loudspeakers can be used to successfully create
a multi-zone system for multiple listeners with up to 69dB improvement in MSE
within control zones over a single-stage LS optimization. Moreover, the results
have demonstrated that, the performance of the Lasso-LS approach is accentu-
ated at higher frequencies, with performance gains of over 20dB in experiments.
Finally, the proposed horizontal multizone system was assessed for listeners at
variable heights. The results have shown up to 24dB improvement over LS ap-
proach in sound suppression at heights between zero and one meter from the
loudspeakers’ plane using e.g. 90 loudspeakers. This is because the Lasso-LS
algorithm locates a limited number of loudspeakers at LS-optimal locations to
suppress sound within the silent zone on the loudspeakers’ plane directly and
suppress its leakage to the non-optimized area at height zc = 0− 1m indirectly.
Chapter 5 developed a nested Lasso-LS algorithm for multizone wideband
sound field reproduction. This technique reduced the computational complex-
ity of the first stage Lasso by providing a priori knowledge of the loudspeaker
positions. This is achieved by selection of loudspeaker locations from smaller
subarrays corresponding to different frequency bands. These subarrays are su-
perimposed and known as harmonic nested arrays. The loudspeaker locations
and weightings are then estimated during the two-stage Lasso-LS optimization.
The results have shown that the nested Lasso-LS approach could improve the
performance of the multizone system by up to 15dB over a standard Lasso-LS.
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The reason for this superior performance is the selection of loudspeakers for every
frequency from an optimized set of candidate positions using a smaller first-stage
Lasso penalty parameter. The results have also shown that the nested Lasso-LS
technique outperforms the single-stage LS by up to 50dB. Finally, the work has
shown that an array of limited number of loudspeakers (e.g. 52) can be used
to effectively create personal audio spaces for multiple users. Consequently, The
design provided in this chapter can lead to realistic soundfield installations. Em-
ployment of a linear loudspeaker array could also facilitate the installation of
sound system on wall or ceiling for room acoustics or simplified its attachment
on a monitor display, mobile device and etc. In conclusion, the objectives laid
out at the start of the thesis have been achieved and the next section presents a
number of research topics for future work.
6.2 Future Work
The first extension of the work carried out in this thesis would be the experimen-
tal verification of the proposed multizone system. To validate experimentally the
simulation results in previous chapters, an array of loudspeakers with omnidirec-
tional radiation pattern should be employed and tested in an anechoic chamber.
Different loudspeaker array configurations such as linear, semicircular and circu-
lar can be employed while the array spacing is designed based on Lasso-LS or
nested Lasso-LS algorithms. To generate multiple speech signals isolatedly at
multiple zones, each loudspeaker is fed the summation of speech signals weighted
by the corresponding loudspeaker weight as explained in Section 3.7.
Another extension could be applied to the two-stage optimization technique
which was proposed in Chapter 4. In the two-stage algorithm, the second stage
LS may be replaced by beamforming technique to generate the desired directivity
patterns in the zones. In such a scenario, the Lasso algorithm would guarantee
the LS-optimal loudspeaker placement using a convex `1 norm, while the beam-
former would control the directivity pattern of selected loudspeakers. This tech-
nique could enable a wideband beamformer to achieve a controllable directivity
pattern while minimizing the total number of loudspeakers using the selectivity
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of Lasso. Beamforming, however, does not produce an exact desired field as it
does not implement pressure matching. A comparison between Lasso-LS pressure
matching and Lasso-beamforming techniques could be also made.
Further work can also focus on the application of the Nested Lasso-LS ap-
proach introduced in Chapter 5 to circular loudspeaker arrays. In such a sce-
nario, the aperture size of every subarray arc of loudspeakers must be calculated
corresponding to every frequency band of interest to reduce the extent of sound
reproduction performance variation to that occurring within a single octave. The
loudspeaker locations are then selected from the potential positions in the sub-
array arc corresponding to frequency, fq using the first stage Lasso algorithm.
For such system, the calculation of the size of subarrays arc of loudspeakers cor-
responding to different frequency bands of interest could be the topic of future
work.
Finally, generation of personal spaces in three-dimensional environments could
be a research topic of future work. Such setting may further reduce the zonal
occlusion effects at the expense of using a larger number of loudspeakers. Planar
harmonic nested arrays could be employed in the three-dimensional audio system
as candidate loudspeaker positions. A three-dimensional planar nested Lasso-
LS algorithm could then be developed similarly to the two-dimensional nested
Lasso-LS algorithm proposed in Chapter 5.
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